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1 Computation and the Real Number
System

To begin we will work through a review of the properties of real numbers and their
arithmetic.

1.1 What are Real Numbers?

To begin our study of Technical Mathematics we have to start with mathematical struc-
tures that for the most part we do not question. These mathematical structures are
called sets.

Definition 1.1.1: A Set is a collection of things. /

Sets are fundamental to virtually every field of mathematics from basic arithmetic to
Advanced Calculus and Abstract Algebra. We can think of all kinds of examples of sets
in everyday life. In mathematics we use a common notation to denote sets. We illustrate
that notation next.

Example 1.1.1. The following sets are not commonly used in mathematics:

1. C = {blue, yellow, red, green}

2. S = {Samsung,Apple,Microsoft}

These sets are commonly used in mathematics:

1. The Set of Natural Numbers, N = {1, 2, 3, . . .}

2. The Set of Integers, Z = {. . . ,−2,−1, 0, 1, 2, . . .}

3. The Set of Lower-Case Letters of the English Alphabet, Λ = {a, b, c, . . . , z}

4. The Set of Rational Numbers (fractions), Q = {ab |a and b are integers with b 6= 0}

In the above examples you should see some common features that are used when using
set notation:

• Use upper case letters (of any alphabet) to denote the label.

• Enclose the set elements with curly braces. ({})

• Use an ellipse to denote that a pattern is occurring. (. . .)
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• Sometimes we use Set Builder Notation to annotate complex sets where it is diffi-
cult to find a simple pattern. Students will not need to concern themselves with
Set Builder Notation in this course. (see the example of Rational Numbers above).

The topic of interest in this section are the Real Numbers, (R). The real numbers are
impossible to list and difficult to express using any type of set notation. It is arguably
easier to represent the Real Numbers using a number line:

-4 -3 -2 -1 0 1 2 3 4

•
π

R

−1
2

•
−32

3

•

Looking at the number line above we can see that not only are the Natural Numbers
and Integers indicated by ticks but every point on the line is representative of some real
number. Note that π ≈ 3.141329 is on this line. Other numbers that are not integers
are indicated such as −1

2 . So how do we describe such numbers? Well, other than with
the number line above we describe it by its properties.

Property 1.1.1: Let a, b, and c be real numbers or variables with + and · as the
standard addition and multiplication binary operators respectively, then the following
properties hold:

For Addition (+)

1. Commutative Property: a+ b = b+ a

2. Associative Property: a+ (b+ c) = (a+ b) + c

3. Identity Property: There exists 0 ∈ R such that a+ 0 = 0 + a = a
(∈ should be read ”an element of”)

4. Inverse Property: There exists−a ∈ R for every a such that a+(−a) = (−a)+a = 0
(−a is called the additive inverse of a)

For Multiplication (·)

1. Commutative Property: ab = ba

2. Associative Property: a(bc) = (ab)c

3. Identity Property: There exists 1 ∈ R such that a(1) = 1a = a

4. Inverse Property: There exists 1
a ∈ R for every a except 0 such that a( 1a) = ( 1a)a =

1 ( 1a is called the multiplicative inverse of a)

Distributive Property of Multiplication over Addition

1. a(b+ c) = ab+ ac
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Well Ordering and the Archimedean Property

One and only one of the following will hold:

1. a < b

2. a > b

3. a = b

Completeness Property

This property lies outside the scope of this course and will not be needed for our purposes.
Students interested in should consider taking a course in Calculus.

This completes the properties of the real number system (Property 1.1.1). /

Now that we have listed the properties we can begin to develop some useful shortcuts
that can make our life easier in the long term. Our first shortcut is something students
will be familiar with. Consider multiplying the same number over and over again many
times. As you know mathematicians have developed a shorthand notation for this.

Definition 1.1.2: Let a be a real number and n be a natural number, then

an = a · a · a · · · a︸ ︷︷ ︸
n factors of a

We call this exponent notation. /

We also have short hand notation for finding the number we multiply times itself to get
some other number.

Definition 1.1.3: Let a be a non-negative real number, then

√
a = b⇔ b2 = a

b is called the principal (or not negative) square root of a. /

In this notation we are usually interested in finding the number b that we square to
produce a. We will practice using this notation a little later on.

One other shorthand notation connects exponents to fractions.

Definition 1.1.4: Let a be a real number, then

a−1 =
1

a

is called the Reciprocal of a. /

As a result of these notations there is a long list of properties of exponents that we will
relate and connect these ideas. With the exception of the next property, we development
these a little later in the course. We will need this property before we get to the laws of
exponents.
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Property 1.1.2: Let a be a real number and n be an integer, then

a−n =
1

an

/

We conclude with one final comment about the various shorthand notation. There are
many many other shorthand notations that come up in the study of elementary algebra.
It is our intention to discuss these as they become useful.

1.2 The Order of Operations

One of the more fundamentally important aspects of this course is the Order of Op-
erations, which you should be familiar with from previous mathematics courses. If
the Order of Operations is not understood clearly and memorized, the result will likely
be many simple mistakes in calculations throughout the course. So spend some time
and make sure that you can work through the calculations of this and the next several
sections correctly using the Order of Operations.

Here we give the order of operations priority system:

1. Perform all operations(according to the order of operations) within parenthe-
sis/brackets.

2. Perform operations with exponents.

3. Perform multiplication or division whichever comes first from left to right.

4. Perform addition and subtraction whichever comes first from left to right.

Consider using ”BEDMAS” or ”PEMDAS” to help you remember the correct Order of
Operations.

Let us look at some examples:

Example 1.2.1. Compute: (10− 4)÷ 2

Solution:

(10− 4)÷ 2 = 6÷ 2

= 3

So our answer is 3. J

Example 1.2.2. Compute: 20÷ (7 + 3)× 2− 3
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Solution:

20÷ (7 + 3)× 2− 3 = 20÷ 10× 2− 3

= 2× 2− 3

= 4− 3

= 1

So our answer is 1. J

Example 1.2.3. Compute: 48÷ (3× 23)− 6

Solution:

48÷ (3× 23)− 6 = 48÷ (3× 8)− 6

= 48÷ 24− 6

= 2− 6

= −4

So our answer is -4. J

Example 1.2.4. Compute:
19− 4

42 − 11

Solution: Initial inspection of this problem may lead one to think that the order of
operations is not clear on how to proceed. When dealing with fractions (which really
mean division), we always completely evaluate the numerator and denominator before
dividing. In terms of mathematics:

19− 4

42 − 11
= (19− 4)÷ (42 − 11)

= 15÷ (16− 11)

= 15÷ 5

= 3

So our answer is 3. J

Our final example should be considered more challenging. Note that sometimes we use
parenthesis or brackets to denote multiplication instead because, the symbol ”×”, looks
a lot like ”x”.

Example 1.2.5. Compute: (7− 3(2))− [6− (52 − 2)]

Solution:

(7− 3(2))− [6− (52 − 2)] = (7− 6)− [6− (25− 2)]

= 1− (6− 23)

= 1− (−17)

= 1 + 17

= 18
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So our answer is 18. J

This concludes our section on the order of operations of real numbers.

1.3 Significant Digits, Rounding, Accuracy, and Precision

In the previous section the student will most likely have noticed that every number we
worked with was exact.

Definition 1.3.1: Exact Numbers are those numbers that have no uncertainty. /

In the real world we often do not deal with exact numbers. We work with numbers that
result from measurement which is inherently uncertain and thus not exact. We call such
numbers approximate numbers.

Definition 1.3.2: Approximate Numbers are those numbers that have uncertainty.
/

Since many of our numbers generated in the technology fields result from measurement
and are thus approximate, we must take care in how we apply mathematical operations
to them.

Significant digits

In a decimal approximate number, zeros are sometimes used just to locate the decimal
point. When zeros are used in this way, we say that they are not significant. The
remaining digits in the number, including zeros, are called significant digits.

Example 1.3.1. Consider the following approximate numbers:

1. The numbers 497.3, 39.05, 8003, and 2.008 each have four significant digits.

2. The numbers 1570, 24900, 0.0583, and 0.000583 each have three significant digits,
because the zeros serve to locate the decimal point.

3. The numbers 18.50, 1.490, and 2.000 each have four significant digits. The zeros
here are not needed to locate the decimal point. They are placed there to show
that those digits are in fact zeros and not something else.

Numerical Accuracy and Precision

The accuracy of a decimal number is given by the number of significant digits in the
number; the precision of a decimal number is given by the position of the rightmost
significant digit.

Example 1.3.2. Consider the following approximate numbers:

1. The number 1.255 is accurate to four significant digits, and precise to three decimal
places. We also say it is precise to the nearest thousandth.
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2. The number 23,800 is accurate to three significant digits, and precise to the nearest
hundred.

Rounding

Consider for a moment the value sometimes seen on a gasoline station’s sign for the price
of a liter of fuel. Those values are sometimes given to the tenths of a cent precision. For
example: $1.259 per liter. Clearly rounding must occur because one cannot physically
pay 9

10 of a cent. Here I outline the method used by your textbook.
Rounding Procedure:

1. If the first digit in the group of decimal digits that is to be dropped is the digit 5,
6, 7, 8, or 9, the last digit retained is increased by 1.

2. If the first digit in the group of decimal digits that is to be dropped is the digit 0,
1, 2, 3, or 4, the last digit retained is left unchanged.

Let us look at some examples.

Example 1.3.3. Round the numbers 5.458, 2.734, and 9.997 to two decimal places.

Solution:

5.458→ 5.46 increase 5 to 6 in the second decimal place

2.734→ 2.73 drop the digit 4

12.997→ 13.00 increase 9 in second decimal place to 10 and add accordingly

The final problem in example 1.2.13 may seem a bit confusing. Just look at it as if you
are adding 12.99 + 0.01. If you do the arithmetic you will see that a 1 has to be carried
twice giving us 13.00 or 13.

12.99
+ 0.01

13.00

Our answers are 5.46, 2.73, and 13.00 respectively. J

Working problems from the textbook homework will benefit students well as rounding
is a common source of errors early in this course.

Addition and Subtraction of Approximate Numbers

Next, we deal with how many digits need to be kept when adding and/or subtracting
approximate numbers.

Property 1.3.1: When adding or subtracting approximate numbers, keep as many
decimal places in your answer as contained in the number having the fewest decimal
places. /
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Example 1.3.4. Add 32.4 and 5.825. Keep the correct number of digits. Assume both
numbers are approximate.

Solution: Here we add normally and retrieve:

32.4 + 5.825 = 38.225

= 38.2 Because 32.4 only has 3 decimal places

To be clear, we simply truncate or discard the final two digits. The two and five. We do
not round because we do not know what is to the right of the four in 32.4. J

Example 1.3.5. Add 25.8, 18.3125, and 5.407. Keep the correct number of digits.
Assume all numbers are approximate.

Solution: Here we add normally and retrieve:

25.8 + 18.3125 + 5.407 = 49.5195

= 49.5 Because 25.8 only has 3 decimal places

Giving us our answer. J

Adding and Subtracting Exact and Approximate Numbers

When you are combining exact and approximate numbers, the accuracy of the result
will be limited by the accuracy of the approximate number. Thus, round the result to
the same decimal place found in the approximate number, even though the approximate
number may appear to have fewer decimal places.

Example 1.3.6. Add 120 (exact) and 35.8 (approximate). Keep the correct number
of digits.

Solution: Here we add normally and retrieve:

120 + 35.8 = 155.8 Because 35.8 is precise to the tenths place

Giving us our solution. J

Multiplication of Approximate and Exact Numbers

When multiplying two or more approximate numbers, round the result to as many
digits as in the factor having the fewest significant digits.When using exact numbers
in a computation, treat them as if they had more significant figures than any of the
approximate numbers in that computation.

Example 1.3.7. Multiply 12.1× 15.6. Assume all numbers are approximate.

Solution: Here we multiply normally and retrieve:

12.1× 15.6 = 188.76

= 189 Because the fewest number of sig. figures is 3.

Giving us our answer. J
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Example 1.3.8. Multiply 123.56× 2.21. Assume all numbers are approximate.

Solution: Here we multiply normally and retrieve:

123.56× 2.21 = 273.0676

= 273 Because 2.21 had the fewest (3) sig. figures.

Giving us our answer. J

Example 1.3.9. Multiply 32.2(4).

Solution: Here only 32.2 is approximate. Treat 4 as exact. By multiply normally we
retrieve:

32.2(4) = 128.8

= 129 Because 32.2 has the fewest number (3) of sig. figures.

Giving us our answer. J

Division of Approximate and Exact Numbers

The rules for division and multiplication are effectively the same. After dividing one
approximate number by another, round the quotient (result) to as many digits as there
are in the original number having fewer significant digits. When dividing with an exact
number, assume the exact number has an infinite number of significant digits.

This concludes our section on Significant Digits, Rounding, Accuracy, and Precision.

1.4 Scientific Notation

Often times in technical fields we make use of science. Scientists have adopted shorthand
notation to help save time and computation power in dealing with very large or very
small numbers. We call this notation Scientific Notation.

In order to begin discussing Scientific Notation we first need to understand a convenient
phenomenon relating to powers of ten.

Example 1.4.1. Consider the following examples. Compute each.

1. 102

2. 103

3. 106

4. 10−2

5. 10−5

Solution: We work through each example one at a time.
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1. To compute 102 begin with the definition of exponents:

102 = (10)(10)

= 100

Thus 102 = 100.

2. To compute 103 begin with the definition of exponents:

103 = (10)(10)(10)

= 1000

Thus 103 = 1000.

3. To compute 106 begin with the definition of exponents:

106 = (10)(10)(10)(10)(10)(10)

= 1, 000, 000

Thus 106 = 1, 000, 000.

4. To compute 10−2 begin with Property 1.1.2:

10−2 =
1

102

=
1

100
= 0.01

Thus 10−2 = 0.01.

5. To compute 10−5 begin with Property 1.1.2:

10−5 =
1

105

=
1

100, 000

= 0.00001

Thus 10−5 = 0.00001.

Looking carefully at each of these problems students should note that there is a quick
way to work each of these problems. Begin with the number 1.0, if you wish to compute
10n, n tells us which way and how far to shift the decimal in 1.0. If n is positive, then
shift the decimal in 1.0 to the right n places. If n is negative, then shift the decimal n
places to the left, adding zeros when necessary. J

The ideas in the previous problem are key to dealing with scientific notation.
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Definition 1.4.1: Any number written in the form

a× 10n

is said to be in Scientific Notation, where 1 ≤ a < 10 and n is an integer. /

Example 1.4.2. The following are examples of numbers in Scientific Notation:

1. 3.245× 104

2. 2.05× 103

3. 8.9× 10−2

4. 5.005× 10−1

5. 7.001× 10−4

Example 1.4.3. The following are examples of numbers not in Scientific Notation.
Can you tell why not?

1. 23.5× 107

2. −0.538× 102

3. 10× 10−6

4. 2405

5. 1.803 + 104

For any number in Scientific Notation we should be able to convert it into a pure decimal
real number. We can convert by simply using the material on powers of 10 earlier in the
section in concert with arithmetic.

Example 1.4.4. Convert each to a pure decimal number:

1. 3.245× 104

2. 2.05× 103

3. 8.9× 10−2

4. 5.005× 10−1

5. 7.001× 10−4

Solution: In each example we simply do the arithmetic, feel free to use your calculator.
There is an easy way to work these without the calculator. See if you can figure it out.
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1. Compute 3.245× 104.

3.245× 104 = 3.245× 10, 000

= 32, 450

2. Compute 2.05× 103.

2.05× 103 = 2.05× 1000

= 2050

3. Compute 8.9× 10−2.

8.9× 10−2 = 8.9× 0.01

= 0.089

4. Compute 5.005× 10−1.

5.005× 10−1 = 5.005× 0.1

= 0.5005

5. Compute 7.001× 10−4.

7.001× 10−4 = 7.001× 0.0001

= 0.0007001

Hopefully you noticed that the exponent tells us how far and in which direction to move
the decimal in the coefficient a in each problem. This is similar to what we did to quickly
compute powers of 10 in earlier examples. J

We also need to be able to reverse this process.

Example 1.4.5. Convert each into Scientific Notation:

1. 70,040,000

2. 0.00031415

3. 271828.23

4. 0.002108

Solution: In each problem begin by finding the decimal point and moving it such that
we create a number between 1 and 10. While doing this take note have how many places
the decimal is being moved in in what direction. If the decimal must be moved to the
right, then the power on 10 is negative. If the decimal must be moved to the left, then
the power on 10 is positive. The magnitude of the power is the number of places the
decimal was moved.

15



1. Convert 70,040,000 to Scientific Notation:

70, 040, 000 = 7.004× 107

2. Convert 0.00031415 to Scientific Notation:

0.00031415 = 3.1415× 10−4

3. Convert 271828.23 to Scientific Notation:

271828.23 = 2.7182823× 105

4. Convert 271828.23 to Scientific Notation:

0.002108 = 2.108× 10−3

This concludes our problem. J

Significant Digits and Scientific Notation

A quick word about Significant Digits and its relation to Scientific Notation. When
Scientific Notation is written, often times the the number of significant digits is indicated
in the coefficient a. Thus in the example above: The number of significant digits are:

Part Coefficient a Number of Sig. Digits

1 7.004 4
2 3.1415 5
3 2.7182823 8
4 2.108 4

Table 1.1: Significant Digits in Problems from Example 1.4.5

Thus Scientific Notation is a natural way to express numbers that involve measurement
or uncertainty in measurement.

1.5 Units of Measurement and Conversion

There are two commonly used systems of measurement, the SI system (International
System of Units) and the Imperial System (rarely used worldwide).
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SI System and Metric

[1, p. 32] SI is based on the metric system of weight and measures that was developed in
France in 1793. It has since been adopted by most countries of the world and is widely
used in scientific work.

Dimension Measured SI Unit Symbol

length metre m
mass kilogram kg
time second s
electric current ampere A
temperature kelvin K
amount of material mole mol
volume millilitre mL
light intensity candela cd
area hectare ha

Table 1.2: Some SI Units of Measure

You may be aware that some of the units in the table above have metric prefixes attached.
For example, kilogram and millilitre have the prefixes ”kilo” and ”milli” respectively. In
particular, one kilogram is 1000 grams and 1 millilitre is is one-thousandth of a litre.
We now summarize the prefix meanings in the following table.

Amount Power of 10 Symbol Prefix Meaning

1,000,000,000 109 G giga One billion times

1,000,000 106 M mega One million times

1000 103 k kilo One thousand times

100 102 h hecto One hundred times

10 101 da deka Ten times

unit 100 - - One times

0.1 10−1 d deci One tenth of

0.01 10−2 c centi One hundredth of

0.001 10−3 m milli One thousandth of

0.000 001 10−6 µ micro One millionth of

0.000 000 001 10−9 n nano One billionth of

Table 1.3: Common Metric Prefixes
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Imperial System

The Imperial System is not as mathematically organized as the metric system, thus the
conversion process will be somewhat messy when Imperial measurements are involved.
Additionally, units are not standard in the region of the world they are used. None-the-
less we give a list of Imperial Units.

Dimension Measured SI Unit Symbol

length foot ft
mass pound lb
time second s
temperature Fahrenheit ◦F
volume gallon gal
area square foot ft2

Table 1.4: Some Imperial Units of Measure

Unit Conversion Process

Next, we discuss Unit Conversion which has general importance across all disciplines
of applied mathematics. After we finish this section you should not only be able to
convert between units of time but between any units given the appropriate conversion
equation.

There are many examples on unit conversion in this document and in the textbook. Time
will not allow us to go over each of them in class. However, the student is encouraged
to look through all of the examples available.

Unit conversion is a mathematical process by which we take one unit and convert to
another unit using a given or know relationship between the two units, this relationship
is called a conversion equation. For example, we know that there are 12 months in one
year. So 12 months = 1 year is the conversion equation. With this relation we can
easily see how much someone gets paid per month given their yearly salary. Another
example of a conversion equation would be 1 Canadian Dollar is the same as 0.76 Euros or
1 Canadian Dollar = 0.76 Euro. This equation can help us to convert between Canadian
dollars and Euros easily.

The key thing to remember in this process is that the arithmetic/algebra of units obey
the same rules as the arithmetic/algebra of numbers. Now for an example:

Before beginning this problem, students are cautioned to take note of the
details, as some students will simply work out a calculation that they have
memorized. In fact, it is not uncommon for students to ask the question
”Couldn’t I have gotten the same answer much faster by dividing by 52?”
If you are thinking this after the next problem, then it is very likely that
you have missed the point of the problem. The more important thing to
understand is the reasoning.
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Example 1.5.1. An employee with an annual salary of $42,350 is paid each week.
How much is each weekly paycheck?

Solution: Lets think about what we know in relation to the language in the problem.
We need to figure out how much each weekly paycheck is and we know the yearly(annual)
salary. Thinking carefully we also know a relationship between years and weeks, 1 year =
52 weeks. What can we do with this?

1 year = 52 weeks

1 year

1 year
=

52 weeks

1 year
Divide both sides by 1 year

1 =
52 weeks

1 year
On the left everything cancels out (1.1)

The right hand side of the final equation above is called a Conversion Factor. We
multiple conversion factors with units to convert them in a specific way.

Note that we could also do some arithmetic on the intial conversion equation to create
a different conversion factor:

1 year = 52 weeks

52 weeks = 1 year Exchanges sides of equation

52 weeks

52 weeks
=

1 year

52 weeks
Divide both sides by 52 weeks

1 =
1 year

52 weeks
On the left everything cancels out (1.2)

Again, on the right hand side of the bottom equation is another conversion factor. In
fact, we can create two conversion factors for every conversion equation.

The final important issue to realize is that we are not really changing anything by
converting units. Remember above that we multiple by a conversion factor. If you look
at the two conversion factors above (1.2 and 1.3), you will see that they are both equal
the number 1 and we already know that multiplying a number times one does not change
it. We are just making things appear to be different for the sake of communication. Now
let us work the problem.
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Let us start with what we are given:

$42350 annual salary =
42350 dollars

year

=
42350 dollars

year
× 1

=
42350 dollars

1 year
× 1 year

52 weeks
Equation 1.2

=
42350 dollars× 1 year

1 year× 52 weeks

=
42350 dollars

52 weeks
The year units cancel out

≈ 814.23 dollars

week
Divide the numbers

≈ $814.23 weekly pay

So our answer is $814.23 weekly pay. J

The important thing to think about in the conversion process is to figure out what units
you want to generate and what units you want to cancel or eliminate. This is why we
chose the conversion factor in Equation 1.3. We wanted to eliminate years and end up
with weeks. So to eliminate the year units in the denominator we would need year units
in the numerator via some multiplication. Notice in Equation 1.3 that the year units
are in the numerator as needed.

Example 1.5.2. Assad is paid every 2 weeks. Each paycheck, before taxes are re-
moved, is $2057.25.

a) What is his annual salary?

b) What is his monthly salary?

Solution: In this problem we are trying to convert from units of two weeks to units of
1 year. Students should understand that there may be many ways to get to the solution.
However, there is one conversion that students cannot use. The conversion equation
4 weeks = 1 month is false. It is easy to see why. If we assume that every week has 7
days, then 4 × 7 = 28 days. Many months have more than 28 days. It is critical that
students remember this as it is the result of many false conversions in this section.

Before we begin the conversion let us take note of some related conversion equations:

1 pay period = 2 weeks (1.3)

52 weeks = 1 year (1.4)
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Using these two conversion equations we will now work part (a):

$2057.25 per pay peroid =
2057.25 dollars

pay period

=

(
2057.25 dollars

pay period

)(
1 pay period

2 weeks

)(
52 weeks

1 year

)
=

(2057.25)(1)(52) dollars

(2)(1) year

=
53488.5 dollars

year

= $53, 488.50 annual salary

Notice above that the right two fractions in parenthesis are conversion factors generated
by eqauations 1.4 and 1.5. Further, notice that the pay period and weeks units cancel
out leaving dollars per year as desired.

Someone might have noticed an alternative conversion equation that could have been
used to simplify this: 26 pay periods = 1 year.

Now for part (b) we will use our answer from part (a) above and note that:

1 year = 12 months (1.5)

So we must generate a conversion factor that cancels year units and generates month
units:

53488.5 dollars

year
=

(
53488.5 dollars

year

)(
1 year

12 months

)
From equation 1.6

=
(53488.5)(1) dollars

12 months

=
4457.375 dollars

month
≈ $4457.38 monthly salary

So our answer is $4457.38 monthly salary and concludes example 1.5.2. J

Again, students are reminded, the procedure here is far more important to understand
than just getting the answer. Create conversion factors that cancel units that you do
not want and leave the units that you need from the problem.

Example 1.5.3. Convert 65,234 metres to kilometres.

Solution: A kilometre is a thousand metres

1 =
1 km

1000 m

We use this conversion factor because we need to rid ourselves of metres and generate
kilometres.
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So we have,

65234 m = 65234 m× 1 km

1000 m
= 65.234 km

Thus our answer is: 65,234 metres is the same as 65.234 kilometres. J

Example 1.5.4. Convert 2.75× 105 dynes to newtons (N).

Solution: We need to look up the relationship between dynes and newton, see your
textbook’s appendix or check a conversion chart.

1N = 105 dynes

The conversion factor we want to use is

1 =
1 N

105 dynes

We use this conversion factor because we need to rid ourselves of dynes and generate
newtons.

So we have,

2.75× 105 dynes = 2.75× 105 dynes× 1 N

105 dynes

= 2.75 N

Thus our answer is: 2.75× 105 dynes is the same as 2.75 newtons. J

It is important for students to practice the unit conversion process. This concludes our
section.

1.6 Using Equations and Formulas

This aspect of the section should be review from a previous course. It is highly recom-
mended that students who have had little experience or previous trouble in mathematics
courses should place all numerical values within brackets or parenthesis to avoid mis-
takes.

Example 1.6.1. Find y given y = 4a+ 3b− c and a = −1, b = 2, and c = −3

Solution:

y = 4a+ 3b− c = 4(−1) + 3(2)− (−3)

= −4 + 6 + 3

= 5

So our answer is y = 5. J
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Example 1.6.2. Evaluate A = P
(

1 +
r

n

)nt
for P = 1000, r = 0.04, n = 4, and

t = 10. Round to the hundredths place. You will need a calculator.

Solution: We need to proceed carefully and remember the order of operations.

A = P
(

1 +
r

n

)nt
= 1000

(
1 +

0.04

4

)4×10

= 1000(1 + 0.01)40

= 1000(1.01)40

= 1000(1.488863 . . .)

≈ 1488.86

So our answer is A = 1488.86. J

Students should be aware that all formulas with respect to this section will be given for
tests and quizzes.

1.7 Percentage and Applications

Percents are used nearly universally within technical mathematics. Informally the word
percent means, out of one hundred. However we now give it formal meaning.

Definition 1.7.1: Let p be some real number such that p ≥ 0, p percent or p % is
defined according to the equation

p % =
p

100
/

This just means that all percents are common fractions with numerator p and denomi-
nator 100. In other words, all percents are out of a whole of 100.

Writing percents as fractions

Converting percents to fractions is a natural first step in this section as the process is
more or less obvious from the definition above.

Example 1.7.1. Convert 23% to a fraction in simplified form.

Solution: Using definition 2 we proceed.

23% =
23

100

Our answer is 23
100 . J

Example 1.7.2. Convert 15% to a fraction in simplified form.
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Solution: Using definition 2 we proceed.

15% =
15

100

=
3

20
5 is greatest common multiple

Our answer in simplified form is 3
20 . J

Writing percents as decimals

Example 1.7.3. Convert 47% to decimal form.

Solution: Using definition 2 we proceed.

47% =
47

100
= 0.47 Use calculator or move decimal place

Our answer is 0.47. J

Example 1.7.4. Convert 3
10% to decimal form.

Solution:

3

10
% =

3
10

100

=
3

10
÷ 100

= 0.003

Our answer is 0.003. J

Be very careful with the previous example. It should be studied carefully, as it is the
source of many mistakes on quizzes and tests in this course.

Example 1.7.5. Convert 0.0024% to decimal form.

Solution:

0.0024% =
0.0024

100
= 0.000024 Use calculator or move decimal place

The correct answer is 0.000024. J

Writing decimals and fractions as percents

Here we are simply reversing the process from the previous two subsections above. As a
result, instead of dividing by 100, we now multiply by 100.
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Example 1.7.6. Convert 0.69 to percent form.

Solution:

0.69 = 0.69× 100%

= 69%

Our answer is 69%. J

Example 1.7.7. Convert 7.42 to percent form.

Solution:

7.42 = 7.42× 100%

= 742%

The answer is 742%. J

Example 1.7.8. Convert 8
9 to percent form.

Solution:

8

9
=

8

9
× 100%

= 88.8%

The correct answer is 88.8%. J

Students will be expected to use various formulas in computing percent change, percent
efficiency, percent error, and percent concentration. The formulas are given and students
are reminded that these formulas will be given to students on tests and quizzes.

Formula 1.7.1: The Percent Change is given by:

Percent Change =
New Value−Original Value

Original Value
× 100

Formula 1.7.2: The Percent Efficiency is given by:

Percent Efficiency =
Output

Input
× 100

Formula 1.7.3: The Percent Error is given by:

Percent Error =
Measured Value−Known Value

Known Value
× 100

Formula 1.7.4: The Percent Concentration is given by:

Percent Concentration =
Amount of A

Amount of Mixture
× 100
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Example 1.7.9. A student made a mistake when measuring the volume of a big con-
tainer. He found the volume to be 65 liters. However, the real value for the volume is
50 liters. What is the percent error?

Solution: From the equation for Percent Error with Measured Value 65 litres and
Known Value 50 litres, we have

Percent Error =
Measured Value−Known Value

Known Value
× 100

=
65− 50

50
× 100

= 0.3× 100

= 30

Thus the Percent Error is 30%. J

This concludes the chapter on basic arithmetic. It is important for students to develop
skills in this chapter before moving forward as arithmetic errors will limit one’s ability
to correctly work through applications in algebra.
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2 Introduction to Algebra

Mathematics is the language used to communicate ideas in science and engineering.
Algebra is a significant part of that language. We begin discussing algebra in this
chapter.

2.1 Algebraic Expressions

An algebraic expressions is one that contains algebraic symbols and operations. More
specifically for algebraic expressions we will see operations like: addition, subtraction,
multiplication, division, exponents, and radicals (roots).

Algebraic Expressions come in a huge variety. In this course we deal with many types
of algebraic expressions. The first subset of algebraic expressions we will encounter are
called Polynomials. Here we present many examples of polynomials:

a) 6x+ 0.77y − 2

b) 2
3a

3b2 − 4ab+ a2c

c) x2 − 5x+ 2

d) 6y3 + 4y2 − 3y − 7

e) 5x2y − 3x+ 2x2y − 4xy2 + 3

The critical issue with Polynomials is that we have a combination of variables and/or
numbers (not necessarily both) where the variables have exponents that are whole num-
bers. As a reminder, we have listed the set of Whole Numbers.

Whole Numbers = {0, 1, 2, 3 . . .}

Polynomials have discrete components: terms, coefficients, and constants. Terms are
the pieces that are added and/or subtracted. Coefficients are the numbers multiplied
with the variables in a particular term. Constants are terms that contain no variables.

One may ask, what kinds of expressions are not algebraic? Some examples of non-
algebraic expressions are:

1. sinx

2. ex+1

Each of these examples are called Transcendental Expressions.
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Example 2.1.1. Identify the terms, coefficients, and constants in part (a) of the above
polynomial examples.

Solution: In example (a) above the terms are 6x, 0.77y, and 2; the coefficients are 6
and 0.77; the constant is 2. It is also possible to interpret the final term (the constant)
as −2 instead of 2. Including the sign is optional but your interpretation should be
consistent. Thus if you wish to interpret everything as addition then some of your terms
will be negative. J

Example 2.1.2. Identify the terms, coefficients, and constants in part (b) of the above
polynomial examples.

Solution: In example (b) the terms are 2
3a

3b2, −4ab, and a2c; the coefficients are 2
3 ,

−4, and 1; there is not constant in this polynomial. We have chosen here to treat any
minus signs as a negative sign. J

We conclude this section by discussing a few more terms that are used in discussing
polynomials. In some cases polynomials are named by the the number of terms they
contain. For example: a polynomial with one term is called a monomial, a polynomial
with two terms is called a binomial, and a polynomial with three terms is called a
trinomial. Any polynomial with more than three terms is simply labeled a polynomial.

2.2 Addition and Subtraction of Polynomials

Before we talk about addition and subtraction let us make a definition.

Definition 2.2.1: A set of terms are called Like Terms if and only if each term has
the same variable and exponent combination. /

Referring to example (e) in the examples on the previous page note that the first and
third terms have the same variable and exponent combinations: 5x2y and 2x2y. This
makes them like terms. Note that the fourth term has the same variables but different
exponents on the x and y respectively: −4xy2. Since there is no other term with this
variable and exponent combination, we say this term does not have a like term. Further,
note that we effectively ignore coefficients when checking for like terms.
Like terms are important in algebra because we can add and subtract like terms by
simply adding or subtracting the coefficients and keeping the same variable and exponent
combination.

Example 2.2.1. Add 7m+ 2n+m+ 5n

Solution: Using the definition above we proceed.

7m+ 2n+m+ 5n = 7m+m+ 2n+ 5n Collect like terms

= (7 + 1)m+ (2 + 5)n Add coefficients of like terms

= 8m+ 7n
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So our answer is 8m+ 7n. J

Example 2.2.2. Add: (8x2 + x− 4) + (−3x2 + 4x− 2)

Solution: Again, we begin by collecting like terms.

(8x2 + x− 4) + (−3x2 + 4x− 2) = 8x2 − 3x2 + x+ 4x− 4− 2 Collect like terms

= (8− 3)x2 + (1 + 4)x− 6 Add coefficients of like terms

= 5x2 + 5x− 6

So our answer is 5x2 + 5x− 6. J

Subtraction of polynomials must be handled more carefully. When a (−) sign precedes
a bracketed/parenthetical polynomial expression we must distribute the minus sign as
a multiple of −1 to each term within brackets or parenthesis. See the next couple of
examples for details.

Example 2.2.3. Subtract: (8t2 + 3t− 4)− (3t2 − 7t+ 1)

Solution: Being careful with the minus sign:

(8t2 + 3t− 4)− (3t2 − 7t+ 1) = 8t2 + 3t− 4− 3t2 + 7t− 1 Distribute minus sign or −1

= 8t2 − 3t2 + 3t+ 7t− 4− 1 Collect like terms

= 5t2 + 10t− 5

So our answer is 5t2 + 10t− 5. J

Example 2.2.4. Subtract: −3a− (4a+ 2b− c) + (a+ 3b+ 2c)− (4a− 3c)

Solution:

−3a− (4a+ 2b− c) + (a+ 3b+ 2c)− (4a− 3c) = −3a− 4a− 2b+ c+ a+ 3b+ 2c− 4a+ 3c

= (−3− 4 + 1− 4)a+ (−2 + 3)b+ (1 + 2 + 3)c

= −10a+ b+ 6c

So our difference is −10a+ b+ 6c. J

This concludes our discussion of addition and subtraction of polynomials.

2.3 Integer Exponents

This section is about algebraic expressions whose variables may have many exponents.
Let us begin with the fundamental definition of this section, which we have encountered
before.

Definition 2.3.1: Let a be a real number and n be an element of the set {. . . −
2,−1, 0, 1, 2 . . .} so that a and n are not both 0, then

an = a× a× a× · · · × a︸ ︷︷ ︸
n factors of a

,
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and call this a raised to the power of n or standard exponential notation. /

The reason we call this section integer exponents is because the set of numbers in this
definition (the numbers allowed for exponents) is called the set of Integers.

There are several properties of exponents that are helpful in this course. Assume the
same about a and n in these properties as the definition above. We will not prove these
in class.

1) anam = an+m 4)
an

am
= an−m 7) (an)m = anm

2) (ab)n = anbn 5)
(a
b

)n
=
an

bn
8) a0 = 1

3) a−n =
1

an
6)

(a
b

)−n
=

(
b

a

)n

Table 2.1: Properties of Exponents

In our first two examples we will need to pay close attention to the order of operations.

Example 2.3.1. Simplify, do not leave negative exponents −24

Solution: Here notice that the exponent 4 applies only to the 2 immediately to its
left. Thus

−24 = −(2× 2× 2× 2)

= −16

Thus our answer is -16. J

Example 2.3.2. Simplify, do not leave negative exponents (−2)4

Solution: Here the exponent 4 applies to everything inside the parenthesis.

(−2)4 = (−2)(−2)(−2)(−2)

= 16

Here our answer is 16. J

Notice that a small change in symbol combination creates a completely different answer.
Make sure you understand the difference between the two problems above, ask questions
if necessary.

Example 2.3.3. Simplify, do not leave negative exponents 47 ÷ 44

30



Solution:

47 ÷ 44 =
47

44

= 47−4 Property (4) from Table 2.1

= 43

= 64

Our answer is 64. J

Example 2.3.4. Simplify, do not leave negative exponents
x3x2

x4

Solution:

x3x2

x4
=
x5

x4
Property (1)

= x1 Property (4)

= x

So our answer is x. J

Example 2.3.5. Simplify, do not leave negative exponents

(
a3b2

x

)−2
Solution: (

a3b2

x

)−2
=
( x

a3b2

)2
Property (6)

=
x2

(a3b2)2
Property (4)

=
x2

(a3)2(b2))2
Property (2)

=
x2

a6b4
Property (7)

So our answer is
x2

a6b4
. J

Note that there may be many alternative methods for getting to the simplified answer.
Also, students do not always need to add every step of detail that the instructor uses in
class or within these notes. However, research has shown that the fewer details used the
more likely a student is to make a mistake.

2.4 Multiplication

Multiplication of polynomials is simple for polynomials with a single term (Monomials)
but is more complicated for products of polynomials in general. We look at many of
these cases here.

31



Multiplication of Monomials

For multiplication of monomials we simply multiply the numerical coefficients and the
the variables.

Example 2.4.1. Multiply: 3x(5y)

Solution:

3x(5y) = (3× 5)(xy)

= 15xy

So our answer is 15xy. J

Example 2.4.2. Multiply: (−2)(5x)(−3xy)

Solution:

(−2)(5x)(−3xy) = [−2× 5× (−3)](xxy)

= 30x2y

So our answer is 30x2y. J

Multiplication of Monomials with Polynomials

In this case we are dealing with a situation similar to the distribution that took place
with subtraction of polynomials, in fact the processes are related. When multiplying a
monomial with a polynomial we must distribute the monomial, via multiplication, to
each term inside the polynomial.

Example 2.4.3. Multiply: 2a(3a2 − 4a+ 2)

Solution:

2a(3a2 − 4a+ 2) = 2a(3a2) + 2a(−4a) + 2a(2)

= 6a3 − 4a2 + 4a

So our answer is 6a3 − 4a2 + 4a. J

Example 2.4.4. Multiply: −3x2y(4xy2 + x2y2 − xy + 1)

Solution:

−3x2y(4xy2 + x2y2 − xy + 1) = −3x2y(4xy2)− 3x2y(x2y2)− 3x2y(−xy)− 3x2y(1)

= −12x3y3 − 3x4y3 + 3x3y2 − 3x2y

Our answer is −12x3y3 − 3x4y3 + 3x3y2 − 3x2y. J
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Multiplication of a Polynomial with a Polynomial

This will be the most complicated case in this section. To understand how to multiply in
the case where we have a polynomial times a polynomial, we need one of the fundamental
properties from algebra.

If a, b, and c are real numbers, then

a(b+ c) = ab+ ac (2.1)

This property is sometimes called the Distributive Property. To help us understand
how this property is useful consider the somewhat simple case of a binomial times a
binomial:

Example 2.4.5. Multiply: (4x+ 3)(2x+ 5)

Solution: Note that we have not encountered something like this before (unless you
have seen it in a previous algebra course). Let us try to rewrite it with a substitution.
Let a = 4x+ 3, b = 2x, and c = 5. Thus we have

(4x+ 3)(2x+ 5) = a(b+ c) From the substitution above

= ab+ ac Property 2.1 above

= (4x+ 3)(2x) + (4x+ 3)(5) Remove the substitution

= 8x2 + 6x+ 20x+ 15 Multiply

= 8x2 + 26x+ 15 Collect and combine like terms

So our answer is 8x2 + 26x+ 15. J

Some of you may recognize that we have derived a procedure called FOIL. F means First,
O means outer, I means inner, and L means last. This is a useful shortcut for multiplying
binomials. The above procedure can be generalized easily to allow for multiplication of
any pair of polynomials.

Now for some examples.

Example 2.4.6. Multiply (3k − j)(k + 2j) using FOIL.

Solution:

(3k − j)(k + 2j) = (3k)k + (3k)(2j) + (−j)(k) + (−j)(2j)
= 3k2 + 6jk − jk − 2j2

= 3k2 + 5jk − 2j2 Combine like terms

So or answer is 3k2 + 5jk − 2j2. J

This concludes our section on multiplication of polynomials.
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2.5 Division

We will not be expanding on division of general polynomials, as the process involved has
little application in fields for students in this course. We will only look at examples of
monomials divided by monomials and polynomials divided by monomials.

Example 2.5.1. Divide (25xy)÷ (5y)

Solution:

(25xy)÷ (5y) =
25xy

5y

=
25

5
× xy

y

= 5x

So our answer is 5x. J

For the next example we will need a property for addition and subtraction of fractions.

Let a, b, c be real numbers, and c 6= 0; then

a+ b

c
=
a

c
+
b

c
and (2.2)

a− b
c

=
a

c
− b

c
(2.3)

Example 2.5.2. Divide (16n+ 8)÷ (4)

Solution:

(16n+ 8)÷ (4) =
16n+ 8

4

=
16n

4
+

8

4
By property 2.2 above

= 4n+ 2

So our answer is 4n+ 2. J

Example 2.5.3. Divide (8k3 − 20k2 + 32k)÷ (2k)

Solution:

(8k3 − 20k2 + 32k)÷ (2k) =
8k3 − 20k2 + 32k

2k

=
8k3

2k
− 20k2

2k
+

32k

2k
By properties 2.2 and 2.3 above

= 4k2 − 10k + 16

So our answer is 4k2 − 10k + 16. J

This brings us to the end of Chapter 2.
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3 Equations and Application Problems

The ability to effectively solve equations is one of the more important tools that students
need to get out of any algebra course. The processes here are useful across many fields
and applications.

3.1 First-Degree Equations

Our goal in this section is to deal with solving the most simple type of equations.
It is important for students to realize that, for the purposes of later material, solving
equations is more than just finding the number that balances the equation. Even though
this is correct it will help us to think of solving equations in a different light. We will
think of solving equations as getting the interested variable by itself (isolated on one
side of the equal sign). The question is: how do we get the variable we are interested in
by itself? We answer that with some creativity and a set of properties.

Property 3.1.1: Let a, b, and c be real numbers and a = b, then

1. a+ c = b+ c

2. a− c = b− c

3. ac = bc

4. a÷ c = b÷ c, provided c 6= 0

This property is best summarized by saying: We can do anything (for the most part)
we want to an equation as long as we do the same thing to both sides. /

Example 3.1.1. Solve the equation x+ 5 = 7.

Solution:

x+ 5 = 7

x+ 5− 5 = 7− 5 Property 2, subtract 5 on both sides

x = 2

So our answer is 2. J

Example 3.1.2. Solve the equation −3y = 12.
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Solution:

−3y = 12

−3y

−3
=

12

−3
Property 4, divide −3 on both sides

y = −4

Our answer is -4. J

Example 3.1.3. Solve the equation −x = −5x+ 16.

Solution:

−x = −5x+ 16

−x+ 5x = −5x+ 5x+ 16 Property 1, add 5x on both sides

4x = 16

4x

4
=

16

4
Property 4, divide 4 on both sides

x = 4

Here our answer is 4. J

Example 3.1.4. Solve the equation
1

5
a = 2.

Solution:

1

5
a = 2

5
1

5
a = 5(2) Property 3, multiply 5 on both sides

a = 10

Thus we have 10 as our answer. J

Example 3.1.5. Solve the equation 3z + 2 = 5z − 5.

Solution:

3z + 2 = 5z − 5

3z − 5z + 2 = 5z − 5z − 5 Property 2, subtract 5z on both sides

−2z + 2 = −5

−2z + 2− 2 = −5− 2 Property 2, subtract 2 on both sides

−2z = −7

−2z

−2
=
−7

−2
Property 4, divide −2 on both sides

z =
7

2

So we have 7
2 as our answer. J
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Example 3.1.6. Solve the equation x− 12 = 0.6x.

Solution:

x− 12 = 0.6x

x− 0.6x− 12 = 0.6x− 0.6x Property 2, subtract 0.6x on both sides

0.4x− 12 = 0

0.4x− 12 + 12 = 0 + 12 Property 1, add 12 on both sides

0.4x = 12

0.4x

0.4
=

12

0.4
Property 4, divide 0.4 on both sides

x = 30

So our answer is 30. J

Example 3.1.7. Solve the equation 3x+ 9− 7x = 24− x− 3.

Solution:

3x+ 9− 7x = 24− x− 3

−4x+ 9 = 21− x Combine like terms

−4x+ x+ 9 = 21− x+ x Property 1, add x on both sides

−3x+ 9 = 21

−3x+ 9− 9 = 21− 9 Property 2, subtract 9 on both sides

−3x = 12

−3x

−3
=

12

−3
Property 4, divide −3 on both sides

x = −4

So our answer is -4. J

In each of the examples above you should check your solutions by substituting the values
we found back into the original equation. Students will not be required to check solutions
but it is highly recommended.

The next step up in difficulty in solving linear equations involves multiplying and/or
dividing polynomials. We may also encounter situations where fractions must be dealt
with. Conveniently, these fractions are nearly always avoidable, when solving equations.

Also note that as we move further into the material more steps will be omitted as they
should gradually become obvious, if you are keeping up and doing homework.

Example 3.1.8. Solve the equation 3(x− 4) = −2(3− 2x).
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Solution:

3(x− 4) = −2(3− 2x)

3x− 12 = −6 + 4x Multiply out the left and right side

3x− 3x− 12 = −6 + 4x− 3x Subtract 3x from both sides

−12 = −6 + x

−12 + 6 = −6 + 6 + x Add 6 to both sides

−6 = x

So our solution is -6. J

Example 3.1.9. Solve the equation x+
5

8
x =

1

4
.

Solution: When trying to solve equations that contain fractions it is always possible
to eliminate all fraction by multiplying both sides by the Least Common Denominator
or LCD(see textbook). This is also referred to as the least common multiple of the
denominators. Some students have trouble finding the LCD. If this is your situation,
consider that any common multiple will work, but may require that you simplify your
answer at the end. In this problem the LCD happens to be 8.

x+
5

8
x =

1

4

8

[
x+

5

8
x

]
= 8

[
1

4

]
Multiply both sides by 8

8x+ 8

(
5

8
x

)
= 2 Multiply by distributing on left side

8x+ 5x = 2

13x = 2

13x

13
=

2

13
Divide both sides by 13

x =
2

13

So our solution is 2
13 . J

Example 3.1.10. Solve the equation (2x− 5)(x+ 3)− 3x = 8− x+ (3− x)(5− 2x).

Solution: In this case we begin by multiplying out both sides using the distributive
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property.

(2x− 5)(x+ 3)− 3x = 8− x+ (3− x)(5− 2x)

2x2 + 6x− 5x− 15− 3x = 8− x+ 15− 6x− 5x+ 2x2

2x2 + 3x− 15 = 23− 12x+ 2x2 Combine like terms

3x− 15 = 23− 12x Subtract 2x2 on both sides

9x− 15 = 23 Add 12x to both sides

9x = 38 Add 15 to both sides

x =
38

9

So our solution is 38
9 . J

Literal Equations

Often times in application, equations come up that have more than one variable. We
cannot solve them numerically so we solve them literally. Solving an equation literally,
for some variable, means to isolate the variable. Effectively, we are using the same process
as above. Note that it is important to remember which variable you are supposed to
solve for from the problem.

Example 3.1.11. Solve the equation S = rt, for r.

Solution: Since we wish to solve for r, we need to treat the r above like x in the
previous problems.

S = rt

S

t
=
rt

t
Divide both sides by r

S

t
= r

So our solution is r =
S

t
. J

Example 3.1.12. Solve the equation A = P (1 + rt), for t.

Solution: There are two ways to find t. Each method will give, what look like different
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answers, but in fact are the same.

A = P (1 + rt)

A = P + Prt Distribute P on right side

A− P = P − P + Prt Subtract P on both sides (need to isolate term containing t)

A− P = Prt

A− P
Pr

=
Prt

Pr
Divide both sides by Pr

A− P
Pr

= t

Our solution is t =
A− P
Pr

. J

This concludes our section on solving first-degree equations.

3.2 Introduction to Application Problem Solving

We now draw our attention to using what we have learned to solve some application
problems.

Some Steps for Solving Application Problems

Step 1 Read the problem very carefully, perhaps two or more times, before doing any
writing.

• Look up the meanings of words that you do not understand. Do research in
your textbook.

• Visualize the situation described in the problem.

• Perhaps drawing a diagram could be helpful.

Step 2 Clearly identify the unknown.

• Find the sentence that ends in a question mark.

• Assign the unknown quantity a variable. Be sure to include the units, as this
could be important

Step 3 Define Other Unknowns

• Try to relate the unknowns with an equation, rather than introducing new
variables.

Step 4 Take a rough guess at the solution (if possible) before doing the analytical work.

Step 5 Solve the equation(s).

Step 6 Check your answer by comparing it to Step 4 or substitution back into your equa-
tion(s).
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Students should be warned that application problems, in general, are quite difficult and
complex. There is often no single process for solving an application problem. In fact,
mathematicians have been able to show that there are some problems that cannot be
solved in a finite amount of time. Be aware that we may struggle with some problems
even in this course.

Example 3.2.1. [1, p. 95]If twice a certain number is increased by 9, the result is
equal to 2 less than triple the number. Find the number.

Solution: We will interpret this problem in terms of the six steps above:

Step 1 Read the problem very carefully.

The word ”result” implies ”=” in mathematics. The rest should be relatively self
explanatory.

Step 2 Clearly identify the unknown.

We are looking for a number: Let x = the number.

Step 3 Define Other Unknowns

There are other numerical figures but all can be related by

2x+ 9 = 3x− 2

Step 4 Take a rough guess at the solution (if possible) before doing the analytical work.

It may be difficult to estimate the number in this problems.

Step 5 Solve the equation(s).

2x+ 9 = 3x− 2

x = 11

Step 6 Check your answer by comparing it to Step 4 or substitution back into your equa-
tion(s).

We can check our solution because we know that from the problems statement:
twice 11 added to 9 is 31; further triple 11 and take two away we get 31 as well.
Checking our solution.

Thus the number is 11. J

Example 3.2.2. [1, p. 96]In a group of 102 employees, there are three times as many
employees on the day shift as on the night shift, and two more on the swing shift than
on the night shift. How many are on each shift?
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Solution: After reading the problems carefully we offer an estimation of the answer:
Let’s assume that the night and swing shifts have the same number N of employees.
Then the day shift would have 3N employees, making 5N in all. So N would be 102÷5,
or 20, rounded. So we might expect about 20 on the night shift, a few more than 20 on
the swing shift, and about 60 on the day shift.

Since the number of employees on the day and swing shifts are given in terms of the
number on the night shift, we let

x = number of employees on the night shift

then
3x = number of employees on the day shift

and
x+ 2 = number of employees on the swing shift

Since we are told that there are 102 employees in all, we have

x+ 3x+ x+ 2 = 102

from which

5 = 100

x = 20 on the night shift

3x = 60 on the day shift

x+ 2 = 22 on the swing shift

These numbers can be easily added up to get 102 to quickly check our result. Note that
this also agrees with our estimation in the beginning. J

Students should seriously consider taking a close look at the textbook and other ref-
erences for this section. As one does not want to get behind on application problems.
Practice is the only way improve one’s problem solving skills.

3.3 Application Problems from Business

In this section we take a look at a few Business related application problems.

Example 3.3.1. You go into a store and find an item that you wish to purchase. On
the item you see a price tag of $49.99, however, on the rack where the item was found
you see a discount sticker which says that all items here are 20% off (meaning you will
pay $49.99 less 20%). Ignoring taxes, how much will you pay for the item?

Solution: Given that $49.99 is the original value, and 0.20 is the rate (of discount).
The discount is calculated as

49.99− 0.20(49.99) = 39.992

= $39.99

Solving our problem. J
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Example 3.3.2. Ned is about to pay for his family’s meal in a restaurant. The total
bill is $129.42. He does not know how to calculate a reasonable tip and decides to ”wing
it”. He pays for the bill with credit and leaves $23.50 on the table for the tip. What
percent tip did he leave, approximately?

Solution: Using the ideas in the previous example assume $129.42 is the original
number and the amount of change will be $23.50.

Rate of Change =
23.50

129.42
= 0.181579 . . .

= 18%

Our answer is 18%. J

Example 3.3.3. [1, p. 98] A person invests part of his $10,000 savings in a bank at
6%, and part in a CD at 8%, both simple interest. He gets a total of $750 per year in
interest from the two investments. How much is invested at each rate?

Solution: Here we let
x = amount invested at 6%

and
10000− x = amount invested at 8%

If x dollars are invested at 6%, the interest on that investment is 0.06x dollars. Similarly,
0.08(10000− x) dollars are earned on the other investment. Since the total earnings are
$750, we have

0.06x+ 0.08(10000− x) = 750

0.06x+ 800− 0.08x = 750

−0.02x = −50

x = 2500at 6%

and
10000− x = 7500at 8%

The student should verify that this makes sense in terms of the original language in the
problem. J

3.4 Mixture Problems

We now take a look at some of the more difficult application problems in the course,
Mixture Problems. Students should study these problems closely and memorize the
formulas in this section.

Students are now reminded of some helpful steps in solving application problems.
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Step 1 Read the problem very carefully, perhaps two or more times, before doing any
writing.

• Look up the meanings of words that you do not understand. Do research in
your textbook.

• Visualize the situation described in the problem.

• Perhaps drawing a diagram could be helpful.

Step 2 Clearly identify the unknown.

• Find the sentence that ends in a question mark.

• Assign the unknown quantity a variable. Be sure to include the units, as this
could be important

Step 3 Define Other Unknowns

• Try to relate the unknowns with an equation, rather than introducing new
variables.

Step 4 Take a rough guess at the solution (if possible) before doing the analytical work.

Step 5 Solve the equation(s).

Step 6 Check your answer by comparing it to Step 4 or substitution back into your equa-
tion(s).

Additionally, there are several formulas that may be useful while working through these
problems.

Formula 3.4.1: Total Amount of Mixture = Amount of A + Amount of B + · · ·

Formula 3.4.2: Percent Concentration of Ingredient A =
Amount of A

Amount of Mixture
× 100

Formula 3.4.3: Final Amount of A = Amount of A in First Mixture +
Amount of A in Second Mixture

Secondly, we take a look at the typical diagram for a mixture problem. Consider a
mixture of two acid solutions, one 20 ml of 50% acid and the other 30 ml of 10% acid.
Note the two major relationships here: Total Quantity of Mixture and Concentration of
an Ingredient.
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Figure 3.1: Typical Mixture Problem

Next, we take a look at a few mixture problems. Students should note that regardless of
the type of example, the pictures that accompany the problems will illustrate each as a
liquid mixture using beakers and fluid. The instructor feels that the point will be made
clearer using this type of diagram.

Example 3.4.1. How much, (in ml), of a 35% acid solution must be added to 20 ml
of a 13% acid solution to make some amount of 15% acid solution?

Solution: We begin by drawing a diagram of the problem.
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There are few things we can conclude from what we see and have read. First, if x is the
amount of mixture containing 35% acid and 20 ml is the amount containing 13% acid,
then x+ 20 must be the amount of mixture containing 15% acid. Secondly, if we focus
on the concentration of acid and use the first point above, then

0.35x+ 0.13(20) = 0.15(x+ 20)

0.35x+ 2.6 = 0.15x+ 3

0.2x = 0.4

x = 2

Thus we need 2 ml of 35% Acid solution to create the desired solution. J

Example 3.4.2. How much steel containing 5.25% nickel must be combined with
another steel containing 2.84% nickel to make 3.25 tonnes of steel containing 4.15

Solution: We begin by drawing a diagram of the problem.
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First, if x is the unknown amount of steel containing 5.25% nickel and we need to create
3.25 tonnes of 4.15% nickel steel, then the amount of 2.84% nickel steel would be 3.25−x.
Now, if we focus on the concentration of nickel, then

0.0525x+ 0.0284(3.25− x) = 0.0415(3.25)

0.0525x+ 0.0923− 0.0284 = 0.15x+ 3

0.0241x = 0.0426

x = 1.77

Thus we need 1.77 tonnes of 5.25% nickel steel and 3.25 − x or 1.48 tonnes of 2.84%
nickel steel to create the desired product. J

Students are reminded to read these problems very carefully, consider drawing a picture,
and try to avoid creating two unknown variables. Try to write any other unknowns in
terms of the original unknown.
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4 Functions

In this chapter we introduce arguably one of the most fundamental concepts in mathe-
matics, the function.

4.1 Functions and Relations

We begin this section with a most abstract concept, relations.

Definition 4.1.1: A Relation, R, on A and B assigns every element of A to at least
one element in B, in mathematical terms terms

R = {(a, b)|a ∈ A, b ∈ B}

/

Example 4.1.1. Let A be the set of the top five scoring hockey players in history and
let B be the set of whole numbers, then we have the relation

R = {(a, b)|a is a top five scoring hockey player and b is the number of goals

scored in person a’s career}

In fact the entire relation can be expressed as

R = {(Wayne Gretzky, 894),

(Gordie Howe, 801),

(Brett Hull, 741),

(Marcel Dionne, 731),

(Phil Esposito, 717)}

As can be seen above the ordered pairs are enclosed in curly braces which denotes that
R is a set of ordered pairs.

In this course we are far more interested in the concept of function. Function is a special
type of relation.

Definition 4.1.2: A Function, f , is a relation that assigns every element of a set A
to one and only one element of B, we call A the domain and B the range and write

f : A→ B

/
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As an example consider the function f = {(0, u), (1, v), (2, w), (3, u)}. Functions can be
expressed in a few different ways. First, we look at a table of values.

Domain Range

0 u
1 v
2 w
3 u

Table 4.1: The function f

Next, we illustrate with a Venn Diagram.

fA B

0

u

1 v

2

w

3

Figure 4.1: The Function f

If the range was also a set of real numbers, we could draw a graph. Consider another
function: g = {(1, 3), (2,−1), (0, 1), (−1,−2), (3, 0)}.
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−3 −2 −1 1 2 3

−3

−2

−1

1

2

3

a ∈ A

b ∈ B

Figure 4.2: Graph of the function g

As can be seen functions can be represented in a variety of ways. The domain of g is
{−1, 0, 1, 2, 3} the range is {−2,−1, 0, 1, 3}.

Students may be tempted to draw a connecting line or curve in the graph above. This
would be an incorrect interpretation of g because a connecting line or curve would imply
that g is defined between -1, 0, 1, 2, and 3, which it is not.

Further notation includes indicating the function, domain elements, and range elements
in a single, short notation. For example, from the function g above we write g(1) = 3,
g(2) = −1, g(0) = 1, g(−1) = −2, and g(3) = 0. This means essentially the same as
g = {(1, 3), (2,−1), (0, 1), (−1,−2), (3, 0)}. Here it is very important to understand
that the notation g(x) DOES NOT MEAN g × x.

We can also define functions with equations. For example we may wish to define a
function h by writing h(x) = y = x − 2 with a domain of all real numbers. Note that
this method of notation gives us a lot of information in a small, compact notation. We
can graph this function by making a chart of x’s and h(x) = y’s.

Domain (x) Range (y)

-2 -4
-1 -3
0 -2
1 -1

Table 4.2: Part of the function h

Students should note that this is not all of the values of the function h, in fact we could
never make a complete listing of all of the ordered pairs in h because the list is infinitely
long. The better way to represent this function is to draw a graph and connect the dots
with a line.
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−6 −4 −2 2 4 6

−6

−4

−2

2

4

6

x

y

Figure 4.3: Graph of the function h

We are allowed to draw the connecting line because the function’s domain is all real
numbers. Which means it is defined for any choice of x. For example, x = 0.5 gives
y = −1.5 and if you look carefully at the graph you would be able to find that this
corresponds to a point on the line.

Functions written by equations do not always correspond to straight lines. In fact, all
types of strange patterns can emerge. Consider the function f(x) = 1− 2x− 3x2 whose
graph looks like the following.

−3 −2 −1 1 2 3

−3

−2

−1

1

2

3

x

y

Figure 4.4: Graph of f(x)

Generally speaking students in this course should consider constructing a table with no
less than three values of x. These values should be roughly chosen around the origin.
The more complex the function, the more points that need to be plotted to get an
accurate picture.
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Determining if a relation is a function from the graph

In some cases we may only have a graph to look at in terms of a relation or function.
The vertical line test allows us to quickly test a the graph of a relation to judge if it is
a function. Simply ask the following question: Can we draw ANY vertical line through
the graph of the relation and the line touch the curve more than one? If the answer is
YES, then the curve does not describe a function. If the answer is NO, then the curve
represents a function.

Example 4.1.2. Is the relation f(x) in Figure 4.4 a function?

Solution: Yes, because anywhere you draw a vertical line on the graph, the line touches
the curve only once or none. J

Example 4.1.3. Is the relation y = x − 2 a function? See the graph on the previous
page.

Solution: Yes, because anywhere you draw a vertical line on the graph, the line touches
the curve only once. J

Example 4.1.4. Is the relation f(x) described in the following picture a function?

−6 −4 −2 2 4 6

−6

−4

−2

2

4

6

(5, 4)

x

f(x)

Figure 4.5: Graph of the function f(x)

Solution: Yes, because anywhere you draw a vertical line on the graph, the line touches
the curve only once or none. Some students may be concerned about drawing a vertical
line through x = 2. If we did this we would have the vertical line intersecting at the
point (2, 1) and not at (2, 0) as the open hole implies no value there. Although strange
in appearance, f is a function. J

Example 4.1.5. Is the relation g(x) described in the following picture a function?

Solution: No, because virtually everywhere a vertical line will intersect the curve
twice. J
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−8

−4

4

8

x

y

Figure 4.6: The relation g(x)

This concludes our introductory section on functions.

4.2 More on Functions and Function Notation

In this section we delve into more detail with functions and in particular we will look
more closely at function notation. We will focus on the notation f(x) as a standard for
the expression of a function.

Explicit versus Implicit Functions

We have been working to this point with explicit functions.

Definition 4.2.1: An Explicit Function is any function that solved for a particular
variable. /

Explicit functions do not have to be exclusive written as y in terms of x (with y as the
dependent variable and x as the independent). Below we list some examples of explicit
functions in terms of different variables.

Example 4.2.1. We can use any combination of dependent and independent variable:

• f(x) = x2 − x+ 3

• x = 5y3

• j = 5i+ 3k − 4

• y(x) = −3x3 − 4

If a function is not explicit, we say it is Implicit.
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Example 4.2.2. Implicit Function are not solved for a particular variable and in many
cases cannot be solved.

• 1 = sec(x+ y)

• x = 4y + 3x− 1

• x2 + y2 = 1

• 5p− q = q − p2

Functions are generally easier to work with in Explicit form. However, as pointed out
above, it is not always possible to solve equations for a particular variable.

Example 4.2.3. Write the equation y = −4x+ 2 in the form x = f(y).

Solution: This problem is asking us to solve the equation for x. This convert this
function of y in terms of x into a function of x in terms of y.

y = −4x+ 2

y − 2 = −4x

y − 2

−4
= x

Thus our converted function can now be written as x = f(y) = −y−2
4 , which is our

answer. J

More on Function Notation

We now move on to more practice with function notation. Consider the following exam-
ples.

Example 4.2.4. Given that f(x) = −3x2 + 1, find f(1).

Solution: This problem is asking us to find the range value that corresponds to the
domain value x = 1 in the function f . To solve this simply substitute x = 1 in place of
x in f .

f(1) = −3(1)2 + 1

= −3 + 1

= −2

Thus f(1) = −2 and so the domain value x = 1 is assigned to the range value y = −2,
concluding our problem. J

Example 4.2.5. Given that g(x) = x2 − 3x+ 1, find g(0)−g(1)
2 .
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Solution: This problem is more complex. We must first find g(0) and g(1), then do
some arithmetic with the results.

g(0) = (0)2 − 3(0) + 1

= 1

So g(0) = 1.

g(1) = (1)2 − 3(1) + 1

= −1

and g(1) = −1, further

g(0)− g(1)

2
=

1− (−1)

2

=
2

2
= 1

Concluding our problem. J

Example 4.2.6. Given that f(x) = −3x+ 1 and g(x) = x2 − 3x+ 1, find f(1)−g(1)
g(0) .

Solution: Note that we have computed f(1), g(1), and g(0) previously (see above).
Thus

f(1)− g(1)

g(0)
=
−2− (−1)

1

=
−1

1
= −1

Thus f(1)−g(1)
g(0) = −1. J

We can also have functions of multiple variables. For example a function of two variables
would be written f(x, y), where f depends on both x and y. In econometrics it is not
unusual to encounter market models constructed from functions that depend on more
than 50 variables, however we will note encounter such functions in this course.

Functions of n independent variables have domains that are ordered n-tuples and the
range, for us, will be some set of real numbers.

Example 4.2.7. Given f(x, y, z) = −x+ 2y − 4z, find f(1, 0,−2).

Solution: Simply substitute x = 1, y = 0, and z = −2 into f .

f(1, 0,−2) = −1 + 2(0)− 4(−2)

= 7

Thus f(1, 0,−2) = 7. J

This brings us to the end of our discussion on functions and function notation.
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5 The Geometry of Functions and Relations

We now draw our attention to the geometry and graphing of functions. Students will
have encountered most of this material before in a previous course.

5.1 Basic Rectangular Coordinates

We start by making sure we build a firm foundation of the basic two-dimensional co-
ordinate system. There are several names used when referring to this system including
the Euclidean plane and Cartesian coordinate system. We will simply refer to this as
the rectangular coordinate system.

It is quite arbitrary how we set up our coordinate system, however we will set ours up
so that it is consistent with what some of you may have seen in previous mathematics
courses. Here we will call the vertical axis the y axis and the horizontal axis the x axis.
The point where the axes cross is called the origin.

−5 −4 −3 −2 −1 1 2 3 4 5

−5

−4

−3

−2

−1

1

2

3

4

5

x

y

Figure 5.1: Standard Rectangular Coordinate System
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We can use the system in figure 4.1 to plot ordered pairs for applications later on.
Ordered pairs, (x, y), are used to indicate a specific position in this system. The x values
tells us how far, left or right, to go on the x- axix and the y value tells us how far to
go, up or down, on the y axis. As in the next example, the letter in front of the ordered
pair will not always be used, here it clarify which point is which.

Example 5.1.1. Plot the points: A(3, 2); B(-4,5); C(1,-3); D(-5, -3); and E(-3,0) in
the rectangular coordinate system.

Solution: Plotting the points we get

−5 −4 −3 −2 −1 1 2 3 4 5

−5

−4

−3

−2

−1

1

2

3

4

5

A

B

CD

E x

y

Concluding our problem. J

5.2 Graphing Functions

Definition 5.2.1: Let x and y be unknown real numbers and a, b, and c be constant
real numbers, then any equation that can be written in the form

ax+ by = c

is called a linear equation in standard form. /

Our goal here is to use the coordinate system, previously discussed, to generate a way
to visualize all of the solutions to equations like the one in definition 8. There are a
few methods. We will look at the method that involves constructing a table of x and y
values first.

Example 5.2.1. Draw the graph representing all solutions of the equation −x+y = −1
by constructing a table.

Solution: The idea here is to find a few solutions to the equation above and interpolate
the rest of the solutions by drawing a line in the plane (rectangular coordinate system).
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To accomplish this we will construct a table of x and y values. We will choose x values
near zero, substitute them into the equation (or some equivalent form) to get the y
values. For this example I will choose -3, -1, 0, 1, 2. In general, as a precaution, choose
at least three values.

x -3 -1 0 1 2

y

Now to find the y values we can simply substitute the x values in and solve for y, however
we will do a bit of algebra to make this easier.

Note that we can solve the equation in the problem for y.

−x+ y = −1

−x+ x+ y = x− 1 Add x to both sides

y = x− 1

Now that we have y isolated it will be easier to get them quickly. Begin substituting
in the x values, one at a time and do the arithmetic. We will work two examples here,
students should confirm the rest of the table independently.

First, letting x = −3 =⇒

y = −3− 1

= −4

Second, letting x = −1 =⇒

y = −1− 1

= −2

Continuing this process for each choice of x will fill out the above table like this

x -3 -1 0 1 2

y -4 -2 -1 0 1

Each column in this table represents an order pair, i.e. (−5,−6) and (0,−1). We should
now plot each of these points in the plane.
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We can see that these points all line up. The line connecting them from negative infinity
to positive infinity is a geometric representation of ALL solutions to the equation −x+
y = −1. Take close note of the arrows on the ends of the line. Often in application we
will not be interested in what happens outside of a certain set of x or y values so the
arrows are not critical at this stage.

−6 −4 −2 2 4 6

−6

−4

−2

2

4

6

x

y

This is our final answer to example 4.1.2. J

Example 5.2.2. Graph y = −2x+ 200 for all values from x = 0 to x = 100.

Solution: Conveniently in this example we already have the equation solved for y, so
we should just choose a few x values. Note that they give us some guidance. We will
choose 0, 50, and 100. The table has been constructed and filled out below. Students
should verify all values of y from the equation.

x 0 50 100

y 200 100 0
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Noting that we are going to have to adjust our scale this time, plotting these ordered
pairs, and drawing a connecting line gives us

−200 −100 100

−200

−100

100

200

x

y

This is our final graph. Take note that we did not place arrows on the tips of the line
because the problem specifically asked for the graph between two points. J

We can also graph more complex functions using this technique.

Example 5.2.3. Draw the graph representing the function f(x) = x2 − 4x − 3 by
constructing a table.

Solution: For this example we choose -1, 0, 1, 2, 3, 4, and 5. For polynomial and
more complex functions it is recommended that we choose at least five values to get an
accurate picture.

x -1 0 1 2 3 4 5

y 2 -3 -6 -7 -6 -3 2

Next, we can start to plot our ordered pairs.

−8 −6 −4 −2 2 4 6 8

−8

−6

−4

−2

2

4

6

8

x

y
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We can see that these points do not lie in a straight line. This should not be a surprise
as our function is quadratic. So we draw a smooth curve across the points.

−8 −6 −4 −2 2 4 6 8

−8

−6

−4

−2

2

4

6

8

x

f(x)

This concludes our problem. J

This also brings us to the end of another section.

5.3 Graphing linear equations using slope-intercept form

Many of you have likely seen the methods previously discussed for graphing lines and
functions in a previous mathematics course. If this is the case, then you may recall an
easier way to graph a line or linear function. We now discuss this alternative method. Be
aware that this method will only work with linear equations or lines and not functions
with curvature.

To motivate this method we will reference example 5.2.1 from earlier in this chapter.
Looking back at the problem, we decided to solve the equation for y before substituting
in the chosen x values.

−x+ y = −1⇔ y = x− 1

Remember that these two forms have the same mathematical meaning. The form on
the left was called the standard form of the linear equation. As it turns out, there is a
special name for the form on the right (when a linear equation is solved for y).

Definition 5.3.1: Let x and y be unknown real numbers and m and b be constant
real numbers, then a linear equation written in the form

y = mx+ b

is call the slope-intercept form. The number m is called the slope and b the y-
intercept. /

As we will soon see graphing a linear equation can be done easily by identifying the
slope and y-intercept. The y-intercept or b is simply the location or point where the line
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crosses the y-axis. The slope or m is a bit more complicated to understand. Consider
its definition.

Definition 5.3.2: Let (x0, y0) and (x1, y1) be two points on a line. The slope of the
line is

m =
y1 − y0
x1 − x0

=
Change in y

Change in x
=

Rise

Run

/

Any of these interpretations will work fine for this course. Students seem to like the rise
over run form. So this is how the in class problems will be motivated.

So going back to example 5.2.1, the right hand side equation is in slope-intercept form.
To identify the y- intercept simply read the symbol combination following the x, so the
y-intercept is −1. The slope is the number multiplied in front of the x. One might
assume that since we do not see a number in front of the x, then there is no slope.
However, we should recall that there is an unwritten 1 in front of the x. So the slope
is 1. Further, it is always a good idea to interprete the slope as a fraction, referring to
definition 10 above. We know that 1 = 1

1 , so we have our slope in fraction form. So to
summarize:

y-intercept = b = −1

slope = m =
1

1

Now let us get to the actual graph of the line using this information. Begin by plotting
the y-intercept. Since it is the location where the line crosses the y axis it must be at
the coordinates (0,−1).

−6 −4 −2 2 4 6

−6

−4

−2

2

4

6

x

y

Students should remember that the y-intercept should always be a point on the y axis.

Note that we cannot draw a unique line through this one point, we need another point.
We use the slope to get this other point. Starting from the y-intercept, not the origin,
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Rise 1 and Run 1, because both the numerator and the denominator of the slope is 1.
This mean we should plot another point up 1 (because the 1 in the numerator is positive)
and right 1 (because the 1 in the numerator is positive). This would give us a new point
at (1, 0).

−6 −4 −2 2 4 6

−6

−4

−2

2

4

6

x

y

From this new point at (1, 0) we can continue getting more points by moving up 1 and
right 1 for as long as we wish. Connecting these points notice that we get the same line
that we got in example 4.1.2. Some of the points are different but the line is the same.

−6 −4 −2 2 4 6

−6

−4

−2

2

4

6

x

y

This process may seem overwhelming, if you have never seen it before, but in general
those that get use to it will likely find that it is far easier and faster than making a
table.Let us take a look at a new example.

Example 5.3.1. Graph 3x+ y = 4

Solution: The first step here will be to write the equation in slope-intercept form by
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solving for y.

3x+ y = 4

y = −3x+ 4 Subtract 3x from both sides

Next, clearly state the slope and y-intercept from the slope-intercept form of the equation
from above. Make sure to write the slope as a fraction (use a 1 for the denominator, if
it is not a fraction already).

m = −3 =
−3

1
b = 4

Thirdly, we start with the y-intercept, remember that this is giving us a point on the y
axis, specifically (0, 4)

−6 −4 −2 2 4 6

−6

−4

−2

2

4

6

x

y

From this point (not the origin) we use the slope to get another point. The -3 in the
numerator is telling us to go down 3 (because -3 is a negative number) and right 1
(because 1 is a positive number). This gives us a new point at (1, 1). We plot this point
and draw a line to connect them. It is always safe to get at least three points, so we use
the slope to get a third point.
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−6 −4 −2 2 4 6

−6

−4

−2

2

4

6

x

y

This concludes the example. J

Example 5.3.2. Graph x− 3y + 900 = 0 for all values of x from x = 0 to x = 900.

Solution: Here we take a look at a somewhat more difficult problem. The first step
here will be to write the equation in slope-intercept form by solving for y.

x− 3y + 900 = 0

x+ 900 = 3y Add 3y to both sides

x+ 900

3
=

3y

3
Divide both sides by 3

1

3
x+

900

3
= y

1

3
x+ 300 = y Simplify fractions

Next, clearly state the slope and y-intercept from the slope-intercept form of the equation
from above. The slope here is already in fraction form.

m =
1

3
b = 300

Thirdly, we start with the y-intercept, remember that this is giving us a point on the y
axis, specifically (0, 300). Observing that we are not going to be able to use our standard
scale. We use units of 100.
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−800 −400 400 800

−800

−400

400

800

x

y

Now we have a problem with the slope in its current form. With the scale we have, it
will be very difficult to measure up one unit and right 3 units (notice that the scale is
in units of 100 per tick). To fix this problem we use something for our first few days in
the course.

m =
1

3

=
1

3
× 100

100
We are multiplying by 1, which does not change the slope

=
100

300
This works well for our scale

The above work means that a slope of 1
3 is the same as a slope of 100

300 . In other words,
with respect to lines, we will still be on the same line using either slope, but clearly 100

300
is easier to use with our scale.

Finally, we need another point to plot our line segment. So starting at the point (0, 300)
we go up 100 and right 300 and arrive at the point (300, 400).

−800 −400 400 800

−800

−400

400

800

x

y
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Notice that we are not finished yet because we need to know what the graph looks like
up to x = 900. So we need points up to this x value. Further work using the slope to
get new points will get us to x = 900. Giving us points at (600, 500) and (900, 600).

−800 −400 400 800

−800

−400

400

800

x

y

This concludes the example. J

The special cases of horizontal and vertical lines

Students are advised to simply memorize the following two properties of horizontal
and vertical lines. There is well established theory surrounding these mathematical
phenomena, however they have little application for the beginning business student.
Thus we will ignore these theoretical issues in class. Of course, if students would like
to have a more detailed understanding of this material, then please consider seeing your
instructor outside normal class time.

Property 5.3.1: Vertical lines have the property that their equation has the form
x = a, where a is the x-intercept. The slope of all vertical lines is undefinied. /

Example 5.3.3. Graph x = 3.

Solution: The property above claims that the equation above is a vertical line and it
has x-intercept at x = 3. There is only one line that satisfies this property.
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−6

−4

−2

2

4

6

x

y

This concludes our problem. J

Next, we take a look at horizontal lines.

Property 5.3.2: Horizontal lines have the property that their equation has the form
y = a, where a is the y-intercept. The slope of all horizontal lines is zero. /

Example 5.3.4. Graph y = −5.

Solution: The property above claims that the equation above is a horizontal line and
it has x-intercept at x = −5. There is only one line that satisfies this property.

−6 −4 −2 2 4 6

−6

−4

−2

2

4

6

x

y

Concluding our problem. J

This brings us to the end of the chapter on graphing functions.
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6 Right Triangles and Vectors

It should be noted that this chapter corresponds to chapter 7 in the course textbook.

In this chapter we will discuss right triangles and vectors. These fields of mathematical
inquiry have considerable application out in the world from building bridges to measuring
distance. As such we will spend significant time on these topics.

6.1 Angle Measurement

Since we are interested in angle measurement in this section students are advised to take
a look back over section 1.5 on the unit conversion process. We will be applying those
conversion tools here in this section.

We begin formally defining what we mean by an angle formed by rotation. We begin
with a ray that points along the positive portion of the x axis, we call this the Initial
Side. Next, by keeping the same initial point on the initial side we sweep an angle, θ,
counterclockwise, creating the Terminal Side of the angle. See the diagram below.

θ > 0

Initial Side

T
er

m
in

al
Si

de

The above diagram represents an angle of positive measure. The next diagram represents
an angle of negative measure. Note that the angle below sweeps clockwise.

θ < 0

Initial Side

T
erm

inal
Side

Now we turn our attention to types of angle measurement.
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Degrees, Minutes, and Seconds

The degree (◦) is a unit of angular measure equal to 1/360 of a revolution; thus 360◦ =
one revolution. Fractional parts of degrees may expressed as fractions or as decimals.
Alternatively, we may express the fractional parts as minutes and seconds.

A minute (′) is 1/60 of a degree; a second (′′) is equal to to 1/60 of a minute, or 1/3600
of a degree. We will abbreviate ”degrees, minutes, and seconds” as DMS from this point
forward.

Example 6.1.1. The following are examples of DMS angle measurement:

1. 32◦17′57′′

2. 186◦48′21.6′′

3. −40◦29′

We will discuss how to convert in and out of this format a little later.

Radian Measure

To understand radian angle measurement we must first understand the concept of a
central angle. A central angle in a circle is one whose vertex is at the center of some
circle. Radian measurement is important in Trigonometry and extremely important in
the calculus of Trigonometric Functions.

Definition 6.1.1: We define one radian as the angle subtended by an arc of length
r in a circle of radius r. /

θ

r

r r

Figure 6.1: θ measures one radian

An arc having a length of twice the radius will subtend a central angle of 2 radians.
Further, an arc with length 2π times the radius will subtend a central angle of 2π
radians. Thus our conversion equations is

2π radians = 1 revolution = 360◦
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Conversion of Angle Measurement

We now move to the angle unit conversion process, which mirrors the general unit
conversion process from earlier in the course. We now summarize the relations between
different angle measurements. which we now provide.

1 rev = 360◦ = 2π rad

1◦ = 60′

1′ = 60′′

Example 6.1.2. [1, p. 175]Convert 47.6◦ to radians and revolutions.

Solution: Using the unit conversion process from an earlier chapter and the conversion
equations above.

47.6◦ ·
(

2π

360◦

)
= 0.831 rad

Make sure to keep the same number of significant digits as the original answer.

47.6◦ ·
(

1 rev

360◦

)
= 0.132 rev

This concludes our problem. J

Example 6.1.3. [1, p. 176]Convert 1.8473 radians to degrees and revolutions.

Solution: Using the unit conversion process from an earlier chapter and the conversion
equations above.

1.8473 rad ·
(

360◦

2π rad

)
= 105.84◦

Make sure to keep the same number of significant digits as the original answer.

1.8473 rad ·
(

1 rev

2π rad

)
= 0.29401 rev

This concludes our problem. J

Example 6.1.4. [1, p. 176]Convert 28◦17′37′′ to decimal degrees.

Solution: Similar to what we have done above, we must covert each unit one at a
time. We always begin with seconds.

37′′ ·
(

1◦

3600′′

)
= 0.0103◦
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Next, we move to minutes

17′′ ·
(

1◦

60′

)
= 0.2833◦

Thirdly, we have 28◦. Finally, we add these all together giving: 0.0103 + 0.2833 +
28.0000 = 28.2936◦ which is our final answer. J

Example 6.1.5. Convert 105.2821◦ to DMS.

Solution: In this problem we must gradually covert the decimal units to minutes and
seconds. We begin by converting the decimal values in 105.2821 to minutes.

0.2821◦ ·
(

60′

1◦

)
= 16.93′

Next, we move to the fraction of a minute and convert to seconds.

0.93′ ·
(

60′′

1′

)
= 56′′

Thus 105.2821 minutes= 105◦16′56′′ which is our final answer. J

This concludes our section on the introduction to angle measurement and conversion of
angle measurement units.

6.2 Trigonometric Functions

In this section we introduce the trigonometric functions. Simply put, the trigonometric
functions relate the sides of a right triangle to the angles of the triangle. We begin by
constructing a right triangle on the rectangular coordinate system.

θ

x (Adjacent)

y (Opposite)

r
(H

yp
ot

en
use

)

Figure 6.2: A Right Triangle in Standard Position

72



There are several relationships between the sides and angles we see above. With respect
to the sides we have the well known Pythagorean Theorem.

Theorem 6.2.1: (Pythagorean) Let x, y, and r be the lengths of the sides of the right
triangle in Figure 6.2, then

x2 + y2 = r2

/

The proof is from high school geometry. We omit that here.

Additionally, from this triangle we can list six possible trigonometric relationships be-
tween the angle θ and the sides of the triangle: x, y, and r. We list them for you
below.

Definition 6.2.1: For each of the following: If x, y, and r are the lengths of the
triangle in Figure 6.2, then

sin θ =
y

r
=

Opposite

Hypotenuse
(6.1)

cos θ =
x

r
=

Adjacent

Hypotenuse
(6.2)

tan θ =
y

x
=

Opposite

Adjacent
(6.3)

cot θ =
x

y
=

Adjacent

Opposite
(6.4)

sec θ =
r

x
=

Hypotenuse

Adjacent
(6.5)

csc θ =
r

y
=

Hypotenuse

Opposite
(6.6)

We call these the Trigonometric Ratios or Trigonometric Functions. /

We should also notice that the Cosecant, Secant, and Cotangent functions are the recip-
rocal functions of Sine, Cosine and Tangent respectively. We write this relationships in
mathematical terms next.

Property 6.2.1: (Reciprocal Relationships) Let θ be an angle, then

csc θ =
1

sin θ
(6.7)

sec θ =
1

cos θ
(6.8)

cot θ =
1

tan θ
(6.9)

/
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We now move on to some examples.

Example 6.2.1. Given that the point (3, 2) is on the terminal side of an angle in
standard position. Compute the distance r from the origin, and write the sin,cos, and
tan of the angle. Work to three significant digits.

Solution: From the point above x = 3 and y = 2. We will have to use the Pythagorean
Theorem to compute r.

r2 = x2 + y2

r =
√
x2 + y2

=
√

32 + 22

=
√

12

So we have r =
√

12 and now we can compute the three trigonometric functions.

sin θ =
2√
12

= 0.577

cos θ =
3√
12

= 0.866

tan θ =
2

3
= 0.667

Concluding our problem. J

At this point students should also be able to quickly compute the trigonometric function
of any angle θ.

Students will need to make sure your calculator is set in degrees mode for
this section. We will not work with radians just yet in this course.

Example 6.2.2. Compute and round each to three decimal places: sin 36.5◦ and
csc 36.5◦

Solution: Here we simply compute with our calculators (in degrees mode). Use the
reciprocal equivalences in Property 6.2.1 to compute csc 36.5◦

sin 36.5◦ = 0.595

csc 36.5◦ =
1

sin 36.5◦
= 1.681

So our answers are: sin 36.5◦ = 0.595 and csc 36.5◦ = 1.681. J

This brings us to the end of our section on an Introduction to the Trigonometric Func-
tions.
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6.3 Solving Right Triangles

In this section our sole focus will be on right triangles and finding all of their angle mea-
sures and side lengths. Students should be aware that there are specific circumstances
when we can solve a right triangle and others were we cannot.

We begin by referencing the right triangle below.

C
B

A

a

b
c

Figure 6.3: A Right Triangle

Some things we should be able to quickly notice about the triangle in Figure 6.3 from
high school geometry is that the sum of the triangles in a right triangle is 180◦. In
mathematics:

A+B + 90◦ = 180◦

or
A+B = 90◦

We will find the above properties of a right triangle useful in concert with the properties
we learned in the previous section.

Solving Right Triangles with One Side and One Angle Known

[1, p. 183]The steps below will assist students in solving right triangles were we know
the length of one side and the measure of one angle.

1. Make a sketch.

2. Find the missing angle by using the properties mentioned above.

3. Relate the known side to one of the missing sides by one of the trigonometric ratios.
Solve for the missing side.

4. Repeat Step 3 to find the second missing side.

5. Check your work with the Pythagorean Theorem.
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Students should use all of the steps above, however, we will omit Step 5 in these notes
to save time. Further, students should consider looking over this section of the textbook
or see the in class lecture for more details.

Example 6.3.1. Solve the right triangle ABC if A = 20◦ and c = 100.

Solution: To solve this triangle we should begin by drawing the triangle.

C
A = 20◦

B

b

a
c = 100

Figure 6.4: The Right Triangle in Example 6.3.1

First, we will use the Cosine Function to find side b. We know that

cos 20◦ =
b

100
100 cos 20◦ = b

93.969262 . . . = b

Secondly, we use the Sine Function to find a.

sin 20◦ =
a

100
100 sin 20◦ = a

34.202014 . . . = a

Finally, we need the angle B, which will be the easiest to find because we know that

A+B = 90◦

20 +B = 90◦

B = 70◦

We now draw the triangle with solutions.
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C = 90◦
A = 20◦

B = 70◦

b ≈ 94.0

a ≈ 34.2
c = 100

Figure 6.5: The Right Triangle in Example 6.3.1

concluding our problem. J

Solving Right Triangles When Two Sides are Given

The following steps will assist students in solving a right triangle when two sides are
given:

1. Make a sketch.

2. Find the missing side using the Pythagorean Theorem.

3. Find the missing angles by using the Trigonometric Ratios.

4. Check your work with the Pythagorean Theorem and/or Trigonometric Ratios.

Example 6.3.2. Solve the right triangle ABC if a = 13.2 and b = 20.0.

Solution: To solve this triangle we should begin by drawing the triangle.

C
A

B

b = 20.0

a = 13.2
c

Figure 6.6: The Right Triangle in Example 6.3.2
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First, we will use the Pythagorean Theorem to find side c.

c =
√
a2 + b2

=
√

13.22 + 20.02

= 23.963305 . . .

Secondly, we need the angle B. We will use the Tangent Function here.

tanB =
b

a

tanB =
20.0

13.2

At this point students may ask how do we isolate the angle B? The answer is we need
a function which is the inverse of the Tangent Function. This function is called the
Inverse Tangent Function, denoted tan−1 x. The inverse trigonometric functions ”undo”
the regular trigonometric functions. If we now take the inverse tangent of both sides we
have:

tan−1 (tanB) = tan−1
(

20.0

13.2

)
B = 56.5751889 . . .◦

Finally, we need to find the the angle A. But again we know that

A+B = 90◦

A+ 56.5751889 = 90◦

A = 33.424811 . . .◦

We now draw the triangle with solutions.

C = 90◦
A ≈ 33.4

B ≈ 56.6

b = 20.0

a = 13.2
c ≈ 24.0

Figure 6.7: The Right Triangle in Example 6.3.2
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concluding our problem. J

Students should be aware that we have not taken on a formal discussion of the Inverse
Trigonometric Functions so far in the course, however, it is easy to remember that if you
are using a particular trigonometric function to find an angle, then the final step will be
to apply the inverse of that trigonometric functions to solve for the angle. Remember to
make sure your calculator is in degrees mode when finding the angle in degrees.

This concludes the section.

6.4 Application Problems Involving Right Triangles

In this section we simply put together everything we have thus far learned in this chapter
to solve some application problems that involve right triangles.

Example 6.4.1. [1, p.187] To find the height of a flagpole a person measures 12.0 m
from the base of the pole and then measures an angle of 40.8◦ from a point 2.00 m above
the ground to the top of the pole. Find the height of the flagpole.

Solution: In this problem we need to take care when constructing our right triangle.
Specifically our triangle will be placed 2.00 meters above the ground because the angle
was measured from 2.00 meters above the ground. This means that when we get our
answer we will have the height of flag pole from two meters above the ground to the tip
of the flag pole. These small details in application problems can make all the difference
in making a problem comprehensible.

We begin by drawing the triangle.

C
A = 40.8◦

B

b = 12.0 m

a =?
c

Figure 6.8: The Right Triangle in Example 6.4.1

We can find a by using the Tangent Function again. Note that

tan 40.8◦ =
a

12.0
12.0 tan 40.8◦ = a

10.3581221 . . . = a
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Thus the height from two meters above the flag pole to the top of the flag pole is about
10.4 meters. Thus the height of the pole measured from the ground would be about 12.4
meters, solving our problem. J

Next, we look at some more challenging problems.

Example 6.4.2. [1, p.187] From a plane at an altitude of 1050 m, the pilot observes
the angle of depression of a lake to be 18.6◦. How far is the lake from a point on the
ground directly beneath the plane?

Solution: We begin by drawing a sketch of the triangle.

C

Plane

Lake

18.6◦

A =?

a = 1050

b =?

c

Figure 6.9: The Right Triangle in Example 6.4.2

Looking at our diagram we can see the in order to find b, the distance along the ground
below the plane to the lake, we are going to need to know at least one of the angle
measures. From high school geometry we know that the angle of depression is the same
as the angle A at the lake. So A = 18.6◦.

Next, we can use the Tangent Function to find b.

tan 18.6◦ =
1050

b
b tan 18.6◦ = 1050

b =
1050

tan 18.6◦

≈ 3120 m

This concludes our problem. J

Example 6.4.3. An antenna is mounted on the roof of a building. From a point 160
ft. in front of the building, the angles of elevation of the top of the building and the top
of the antenna are 17◦ and 22◦, respectively. What is the height of the antenna?

Solution: Again, we begin by drawing a sketch of the triangles.
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C

B

b = 160 m

c

17◦
22◦

a1

a2

a

Figure 6.10: The Right Triangle in Example 6.4.3

Looking at our diagram and remembering that we are looking for the height of the
antenna we would be looking for a2. We can find a2 by subtracting a − a1. (i.e. a2 =
a− a1).
We begin by finding a.

tan 22◦ =
a

160
160 tan 22◦ = a

64.644196 . . . = a

We can use the angle of elevation to the height of the building to find a1.

tan 17◦ =
a1
160

160 tan 17◦ = a1

48.916909 . . . = a1

So far we know that the height of the building is about 49 feet and the height of the
building and the antenna is about 65 feet. If we now subtract the two values we will
have the height of the antenna.

a2 = a− a1
= 64.644196− 48.916909

≈ 16 ft

which is our solution. J

This concludes the section.

6.5 Vectors

In this section we will introduce students to the concept of vectors. Vectors have applica-
tion across multiple disciplines, but are especially important to engineering and physics.
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After leaving this course students should not be surprised to encounter their application
in other courses. Additionally, we will make use of much of what we have learned with
respect to Trigonometry to help us understand vectors.

Definition 6.5.1: A vector quantity is one that has at least two components: di-
rection and magnitude. /

Vector Notation and Representation

There is wide variety in vector notations because of the many fields we find their applica-
tion. Unfortunately, many of the different fields insist on their own notations. Typically,
vectors are represented as a ray (line segment with an arrow on one tip).

v

Figure 6.11: Vector Representation

Secondly, generally we denote the magnitude of a vector v as |v|. Next, we may also
combine magnitude and direction in the terms of Polar Representation.

6∠25◦

Below is a diagram of the above polar coordinates.

|v| = 6

25◦

Figure 6.12: Polar Representation

to express the vector with magnitude 6 units in the direction 25◦ with the positive x
axis. Further, a vector can also be designated by the coordinates of its endpoints (when
starting from the origin). For example,

v = (4, 3)
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is the vector whose starting point is at the origin and points to the point (4, 3) (the
arrow is at (4, 3)) and has magnitude |v| =

√
42 + 32 = 5. This is sometimes referred to

as rectangular form for vectors.

1 2 3 4

1

2

3

4

v

x

y

Figure 6.13: Rectangular Representation

At this point you should be able to see the various notations used to describe vectors.
Each have their uses and failures.

Rectangular Components of a Vector

Referring to the diagram above of the vector v = (4, 3) with |v| = 5, we can construct
vectors along the x and y axes whose tips correspond to the location of the dotted lines.

1 2 3 4

1

2

3

4

vvy

vx x

y

Figure 6.14: Component Vectors of v
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These vectors, on the x and y axis, are called the component vectors of v, they are
of extreme importance in applications of vectors.

Further, we can now see why the magnitude of a vector v is given by

|v| =
√
|vx|2 + |vy|2

Example 6.5.1. Find the component vectors of a vector with magnitude 432 units
and makes an angle θ with the x axis of 52◦.

Solution: Referencing Figure 6.14 were we know v = 432 and the angle between the
vector and the x axis is 52◦, thus we can find the magnitude of vx, |vx|, with the Cosine
Function.

cos 52◦ =
|vx|
432

432 cos 52◦ = |vx|
265.96576 . . . = |vx|

So the magnitude of vx is about 266 units, thus the rectangular representation is (266, 0).

Next, we can find the magnitude of vy, |vy|, by using the Sine Function.

sin 52◦ =
|vy|
432

432 cos 52◦ = |vy|
340.42065 . . . = |vy|

So the magnitude of vy is about 340 units, thus the rectangular representation is (0, 340).

Thus we have our final answer, the component vectors of v are vx = (266, 0) and
vy = (0, 340), concluding our problem. J

We also need to be able to find the magnitude and angle from the x axis given the
rectangular coordinates of a vector.

Example 6.5.2. Find the polar representation of (62, 43). (Remember, this means to
find the magnitude and angle of direction above the x axis).

Solution: We find the magnitude of the vector above first. We will refer to this vector
as v = (62, 43) and use the Pythagorean Theorem to find the magnitude.

|v| =
√
|vx|2 + |vy|2

=
√

622 + 432

=
√

5693

= 75.451971 . . .
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So the magnitude of v is about 75 units.

Next, we can find the angle by using any of the Trigonometric Functions. We choose
to use Tangent here because we know there is not error in coordinates we were given in
the problem and remember to find the angle use Inverse Tangent on both sides of the
equation.

tan θ =
43

62

tan−1 (tan θ) = tan−1
(

43

62

)
θ = 55.25682◦

So the angle is about 55◦, thus the polar representation is 75∠55◦. J

This concludes the section on the introduction to vectors.

6.6 Applications of Vectors

In this section we take a look at some application problems related to vectors. Students
should refer back to the previous section for formula and other necessary theory. We also
remind students of the tools from earlier in the course on solving application problems.

Some Steps for Solving Application Problems

Step 1 Read the problem very carefully, perhaps two or more times, before doing any
writing.

• Look up the meanings of words that you do not understand. Do research in
your textbook.

• Visualize the situation described in the problem.

• Perhaps drawing a diagram could be helpful.

Step 2 Clearly identify the unknown.

• Find the sentence that ends in a question mark.

• Assign the unknown quantity a variable. Be sure to include the units, as this
could be important

Step 3 Define Other Unknowns

• Try to relate the unknowns with an equation, rather than introducing new
variables.

Step 4 Take a rough guess at the solution (if possible) before doing the analytical work.

Step 5 Solve the equation(s).
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Step 6 Check your answer by comparing it to Step 4 or substitution back into your equa-
tion(s).

Example 6.6.1. [1, p.197] A cable running from the top of a telephone pole creates a
horizontal pull of 875 N. A support cable running to the ground is inclined 71.5◦ from
the horizontal. Find the tension in the support cable.

Solution: We should remind students that tension is the pulling force at opposite ends
of an object. Tension is the opposite of compression. We draw a diagram below.

875 N

71.5◦

Figure 6.15: Tension on a Support Cable of a Telephone Pole

To understand the problem we need to see that the if the pole is standing and we will
assume that is, then the forces on the pole must balance. Further, if there is 875 N
pulling to the right, as in the picture there must be a balancing force of 875 N pulling
in the opposite direction. This balancing force corresponds to the x component of the
tension on the cable, thus

cos 71.5◦ =
875

T

T =
875

cos 71.5◦

= 2760 N

Thus the force on the cable is 2760 Newtons. J

Example 6.6.2. [1, p.197] A river flows at the rate of 4.70 km/h. A rower, who can
travel at 7.51 km/h in still water, heads directly across the current. Find the rate and
the direction of travel of the boat.

Solution: In this problem we are given the components of vector v, thus we can use
the Pythagorean Theorem and the Tangent Function to work our problem.
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θ

Boat

4.70 km/h

7.51 km/h

v

Figure 6.16: Boat Rowing Across River

We begin with the speed of the boat and use the Pythagorean Theorem.

|v| =
√

4.702 + 7.512

= 8.8594639 . . . km/h

Thus the speed the boat will be moving is about 8.86 km/h.

Next, we find the angle of the direction using the Tangent and Inverse Tangent Functions.

tan θ =
4.70

7.51

tan−1 (tan θ) = tan−1
(

4.70

7.51

)
θ = 32.0◦

In conclusion, we expect the boat to travel across the stream at 8.86 km/h at angle of 32◦

with respect to a perpendicular path across the current. Further, its polar coordinates
are 8.86∠32◦. J

This concludes the section and our chapter.
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7 Factorization

In a previous chapter we spent some time multiplying polynomials and looking at ap-
plications involving multiplication of polynomials. In this chapter we take the multipli-
cation of polynomials and other expressions and reverse it. The opposite of multiplying
expressions is called Factoring expressions.

7.1 Common Factors

With the first section on factorization we will focus on the simplest form of factorization,
taking out common factors. Ultimately, all forms and methods of factorization can be
traced back to the distributive property, which we discuss in the first we days of class.
We restate it as a reminder here.

Property 7.1.1: (Distributive Property) If a, b, and c are real numbers, then

a(b+ c) = ab+ ac

/

As human beings we normally read from left to right, so it is not hard to see that the
distributive property above distributes via multiplication to each term of the sum inside
the parentheses. However, let us consider looking at this property from right to left or

ab+ ac = a(b+ c)

Looking at it from this perspective, we can see that the common factor between the
two terms is a. We are removing it from the sum and converting to multiplication via
parentheses and adding the quantities left over b and c. This is essentially what we mean
by Factorization. We say that we have factored out the a.

Example 7.1.1. Factor x2 − 7x completely.

Solution: Note here that the common factor is x.

x2 − 7x = x(x− 7)

Concluding our problem. Students can always check answers by multiplying out the
final answer. J

Example 7.1.2. Factor 4x3 + 2x2 − 6x completely.
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Solution: Here there is more than one common factor.

4x3 + 2x2 − 6x = 2x(2x2) + 2x(x)− 2x(3)

= 2x(2x2 + x− 3)

Concluding our problem. J

Example 7.1.3. Factor 3a2b3 − 4ab2 + 2a3b2 completely.

Solution: Here there is also more than one common factor.

3a2b3 − 4ab2 + 2a3b2 = ab2(3ab)− ab2(4) + ab2(2a2)

= ab2(3ab− 4 + 2a2)

Concluding our problem. J

Example 7.1.4. Factor 3k2 − 3k completely.

Solution: Be careful with this example as there is always a minimum factor of one
remaining after removing a common factor.

3k2 − 3k = 3k(k)− 3k(1)

= 3k(k − 1)

Concluding our problem. J

Example 7.1.5. Factor (a+ 2b)x2 − 3(a+ 2b) completely.

Solution: This one is a little challenging to see. Note that there is a common factor
of a+ 2b on either side of the minus sign.

(a+ 2b)x2 − 3(a+ 2b) = (a+ 2b)(x2 − 3)

This brings us to the end of the problem and our first section on factorization. J

7.2 Factorization of the Difference of Two Squares

In this section, we are looking at a special form of factorization, the difference of two
squares.

a2 − b2

The difference of two squares always factors because

(a+ b)(a− b) = a2 − ab+ ab− b2 FOIL Method

= a2 − b2

These steps can all be reversed giving us the factorization property

89



Property 7.2.1: Let a and b be real numbers, then

a2 − b2 = (a+ b)(a− b)

(the derivation is above). /

Example 7.2.1. Factor x2 − 9 completely.

Solution: We first need to check to see if there are any common factors, which there
are none. Next, we should check the special cases...but the difference of two squares is
the only one we have learned thus far, so verify that it is in fact of this form.

x2 − 9 = x2 − 32 Verification of form

= (x+ 3)(x− 3)

Student should check your answers by multiplying out. J

Example 7.2.2. Factor 4z2 − 81 completely.

Solution: We first need to check to see if there are any common factors, which there
are none. Next, we should verify that we are looking at a special case.

4z2 − 81 = (2z)2 − 92 Verification of form

= (2z + 9)(2z − 9)

Concluding our problem. J

Example 7.2.3. Factor 12k2 − 27j2 completely.

Solution: We first need to check to see if there are any common factors.

12k2 − 27j2 = 3(4k2 − 9j2)

Next, check to see if the remaining polynomial will factor. It does because it is the
difference of two squares.

3(4k2 − 9j2) = 3
(
(2k)2 − (3j)2

)
Verification of form

= 3(2k + 3j)(2k − 3j)

This is our final factorization. J

Students should take caution as to not forget to include factors that had previously been
taken out. In the above example it would be a common mistake to leave the leading 3
off.

Example 7.2.4. Factor 16y4 − 1 completely.

Solution: We first need to check to see if there are any common factors, which there
are none. Next, we should verify that we are looking at a special case.

16y4 − 1 =
(
4y2
)2 − 12 Verification of form

= (4y2 + 1)(4y2 − 1) Right factor will factor again

= (4y2 + 1)(2y + 1)(2y − 1)
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Students should take caution, sometimes factorization can involve many steps. J

In the last example note that only the right factor (which was the difference of two
squares) factored. The left factor was the sum of two squares. The sum of two
squares NEVER factors. It is one of the most common mistakes that students make
when first learning the factorization process.

7.3 Factorization of Trinomials

In this section we take a look at more special cases. Particularly, we are interested in
quadratic trinomials, which you may recall from earlier in the course are polynomials
with three terms and have the form ax2 + bx+ c with real numbers a, b, and c . There
is some variety to factoring these trinomials. As a result some level of memorization is
highly recommended in this section.

Test for Factorability

As you may not be surprised to know, not all quadratic trinomials can be factored. We
can test for factorization as follows:

Property 7.3.1: The polynomial ax2 + bx + c, with real numbers a, b, and c, is
factorable if b2 − 4ac is a perfect square. /

Example 7.3.1. Is 3x2 − 4x+ 1 factorable?

Solution: To answer the question we will use the property above to test for factora-
bility.

b2 − 4ac = (−4)2 − 4(3)(1)

= 16− 12

= 4

At this point one can check to see if 4 is a prefect square by taking the square root. We
know that

√
4 = 2, thus 22 = 4, and so 4 is a perfect square. We conclude that the

polynomial is factorable so the answer to our question is: Yes. J

The general idea above is that if you take the square root and get anything other than
a whole number, then the polynomial does not factor.

Now that we have a test for factorability, we ask, how do we factor trinomials. To get us
started we consider trinomials where the coefficient a is 1. In other words, we will focus
on trinomials of the form x2 + bx+ c. The following easy to prove property will help us:

Property 7.3.2: Let m and n be real numbers, then

x2 + (m+ n)x+mn = (x+m)(x+ n)

/

91



This property indicates that if we first believe that the polynomial x2 + bx + c factors,
then we should try to find numbers m and n such that mn = c and m + n = b. Let us
take a look at an example.

Example 7.3.2. Factor x2 − 4x+ 3.

Solution: Students should verify that the above polynomial does factor. We use the
property above to factor it.

x2 − 4x+ 3 = (x+m)(x+ n) Find m and n

We are looking for two number whose product is 3 and sum is -4. Generally, this takes
some practice that may involve trial and error. Looking, we find, -3 and -1. So

x2 − 4x+ 3 = (x− 3)(x− 1)

Students should check the factorization by multiplying out the right hand side. J

Example 7.3.3. Factor y2 + 13y − 30.

Solution: Students should verify that the above polynomial does factor. Again, we
use the property above to factor it.

y2 + 13y − 30 = (y +m)(y + n) Find m and n

We are looking for two number whose product is -30 and sum is 13. We find, 15 and -2.
So

y2 + 13y − 30 = (y + 15)(y − 2)

Again, students should check the factorization by multiplying out the right hand side. J

Example 7.3.4. Factor 4x2 − 16x− 84.

Solution: Students should verify that the above polynomial does factor. Before using
the factorization property we note that there is a common factor of 4. Students must
remember to look for this first.

4x2 − 16x− 84 = 4(x2 − 4x− 21)

= 4(x− 7)(x+ 3)

In this type of problem it is a common mistake to leave off the 4, in the front. Again,
students should check the factorization by multiplying out the right hand side. J

This brings us to the end of another section.
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7.4 Factor by Grouping

In this section we learn a more general tool for factorization. In fact, the ideas in this
section can be used to reinterpret the material from the last section and will be used
later. Here we go directly to an example.

Example 7.4.1. Factor ab+ 2a+ 3b+ 6.

Solution: To begin, we must choose how to set up our polynomial into groups con-
taining two terms. Often times the grouping does not matter, however, sometimes it is
more difficult to factor by group some terms over others. Here we simply group the first
and second terms together and the third and forth terms together.

ab+ 2a+ 3b+ 6 = (ab+ 2a) + (3b+ 6)

= a(b+ 2) + 3(b+ 2) Factor the collected terms

= (b+ 2)(a+ 3) Factor out b+ 2

This concludes the problem. J

Looking back at the last problem, students should note that, we need to try to generate
the common factor in the second line on the right hand side (in this case we generated
the common factor b+ 2). Factor by Grouping does not work if we cannot generate this
common factor.

Example 7.4.2. Factor x2 − y2 + 2x+ 1.

Solution: Note in this example that by grouping the first and second terms, there will
be nothing in common. Again, grouping the x terms together will allow us to factor
something from the first two terms by not the remaining −y2 + 1. So we try something
else. Let us group the first, third, and forth terms together.

x2 − y2 + 2x+ 1 = (x2 + 2x+ 1)− y2

= (x+ 1)(x+ 1)− y2

= (x+ 1)2 − y2

= [(x+ 1) + y][(x+ 1)− y] Difference of two squares

= (x+ 1 + y)(x+ 1− y)

which is our solution. J

Example 7.4.3. Factor ab+ 2b− 3ac− 6c.

Solution: Here we group the first and second terms together and the third and forth
terms together. Take care while grouping.

ab+ 2b− 3ac− 6c = (ab+ 2b) + (−3ac− 6c)
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Note the use of a plus sign while grouping. Continuing we factor each group and note
that there is a minus sign common in the right hand group.

= (ab+ 2b) + (−3ac− 6c)

= b(a+ 2)− 3c(a+ 2)

= (a+ 2)(b− 3c)

Concluding our problem. J

Students are reminded that we will make use of this technique while learning other
factorization techniques.

7.5 Other Special Cases of Factorization

Here we take a look at several special cases of factorization. These special cases generate
several formulas. As it turns out we have already discussed one special case: The
Difference of Two Squares-in the second section of this chapter.

Other methods should be tried before using special cases, however, once other methods
have been exhausted and a special case is suspected, then the following procedure should
be followed:

1. Verify the suspected special case by clearly identifying a and b (see examples).

2. If the special case is verified, then use the formula and a and b to write out the
factorization.

3. Check the factorization by multiplying out your answer.

We will leave checking the factorization for the student.

Perfect Square Trinomials

There are two Perfect Square Trinomials. We now derive their formula. Consider the
product

(a+ b)2 = (a+ b)(a+ b)

= a2 + ab+ ab+ b2

= a2 + 2ab+ b2

Thus

Property 7.5.1: Let a and b be real numbers, then

a2 + 2ab+ b2 = (a+ b)2

/
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Example 7.5.1. Factor 16 + 24y + 9y2.

Solution: Students are reminded, as in section 7.2, that we must verify carefully that
we are looking at a suspected special case of factorization. Thus we must verify that the
polynomial above has the form a2 + 2ab + b2. Thus let a = 4 and b = 3y. So by the
formula the polynomial we wish to factor must have the form

42 + 2(4)(3y) + (3y)2 = 16 + 24y + 9y2 The same as our polynomial

Thus we have verified that our polynomial is in fact the perfect square trinomial described
above. So by the property/formula

16 + 24y + 9y2 = (4 + 3y)2

Bringing our problem to an end. J

We now derive the second formula. Consider the product

(a− b)2 = (a− b)(a− b)
= a2 − ab− ab+ b2

= a2 − 2ab+ b2

Therefore

Property 7.5.2: Let a and b be real numbers, then

a2 − 2ab+ b2 = (a− b)2

/

Example 7.5.2. Factor 4k2 − 28k + 49.

Solution: We begin by verifying that the polynomial above has the form a2−2ab+b2.
Thus let a = 2k and b = 7. So by the formula the polynomial we wish to factor must
have the form

(2k)2 − 2(2k)(7) + 72 = 4k2 − 28k + 49 The same as our polynomial

Thus we have verified that our polynomial is in fact the perfect square trinomial described
above. So by the property/formula

4k2 − 28k + 49 = (2k − 7)2

Concluding our problem. J
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Sum and Difference of Two Cubes

We give the factorization formulas for the sum and difference of cubes without derivation
as the process is similar to the above work.

Property 7.5.3: Let a and b be real numbers, then

a3 + b3 = (a+ b)(a2 − ab+ b2)

a3 − b3 = (a− b)(a2 + ab+ b2)

We call these the Sum and Difference of Two Cubes. /

Example 7.5.3. Factor x3 − 8.

Solution: In this case it is easy to see that we are dealing with the difference of two
cubes because 8 = 23 with a = x and b = 2. So

x3 − 8 = x3 − 23

= (x− 2)(x2 + 2x+ 4)

Concluding our problem. J

Example 7.5.4. Factor 27y3 + 64.

Solution: It is relatively easy to see that we are dealing with the sum of two cubes
with a = 3y and b = 4. So

27y3 + 64 = (3y)3 − 43

= (3y + 4)((3y)2 − 4(3y) + 42)

= (3y + 4)(9y2 − 12y + 16)

Concluding our problem. J

This bring us to the end of the chapter on factorization. It should be pointed out that
factorization is useful across many fields of mathematics. It could be quite useful for
students to periodically review this section throughout this course and other algebra
oriented courses.
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8 Algebra of Rational Expressions

In this chapter we will study Rational Expressions (sometimes called Fractional Expres-
sions). We will make heavy use of material from the previous chapter on factorization.
So it is critical that students be able to factor effectively.

Standard Fractions (with real number numerator and denominator, no variables) are
special cases of rational expressions. If students have trouble working with standard
fractions, consider reviewing Chapter 1 of your course textbook.

8.1 Introduction to Rational Expressions

We begin with the definition of Rational Expression.

Definition 8.1.1: A Rational Expression is any expression of the form

P (x)

Q(x)

where P and Q are polynomials and Q(x) 6= 0. P is called the numerator and Q the
denominator. /

It is important to remember that the denominator cannot be zero, other we have an
undefined expression with no consistent algebraic meaning.

Simplifying Rational Expressions

Simplifying rational expressions essentially works the same way we simplify standard
fractions, we find a common factor between the numerator and denominator, then use
the following cancellation property to eliminate the common factor. Once there are no
more common factors between the numerator and denominator we cannot simplify the
expression further.

Property 8.1.1: Cancellation Property for Rational Expressions Let a, b, and c be
real numbers with b and c not zero, then

ac

bc
=
a

b

where c is called the common factor. /

The only intermediate step is generating the factorization between the numerator and
denominator.
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Example 8.1.1. Simplify 8x4

2x3 .

Solution: In this case factorization is not necessary. We simply use properties of
exponents to simplify.

8x4

2x3
=

2x3(4x)

2x3

= 4x

which is our simplification. J

Example 8.1.2. Simplify x2−9
x+3 .

Solution: Again, we use the cancellation property after completely factoring numera-
tor and denominator.

x2 − 9

x+ 3
=

(x+ 3)(x− 3)

x+ 3

= x− 3

concluding our problem. J

Example 8.1.3. Simplify 3x2−9x+6
x2+2x−8 .

Solution: Again, we use the cancellation property after completely factoring numera-
tor and denominator.

3x2 − 9x+ 6

x2 + 2x− 8
=

3(x− 2)(x− 1)

(x− 2)(x+ 4)

=
3(x− 1)

(x+ 4)

concluding our problem. J

This concludes our introduction to rational expressions.

8.2 Multiplication and Division of Rational Expressions

Here we begin to take a look at how to operate on Rational Expressions. Generally, it
is easier to multiply and divide these expressions, so we begin here.

Property 8.2.1: (Multiplication of Rational Expressions)
Let P , Q, R, and S be polynomials, then

P

Q
· R
S

=
PR

QS

where Q and S are not zero. /
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When multiplying rational expression we can either use the property above and then
cancel common factors or we can cancel first, then multiply. In this document we will
multiply first.

Example 8.2.1. Compute and simplify
3xy

2y2z
· 4y3z2

3x
.

Solution: In this first example factorization is not necessary.

3xy

2y2z
· 4y3z2

3x
=

3xy

2y2z
· 4y3z2

3x

=
3xy(4y3z2)

2y2z(3x)

=
12xy4z2

6xy2z

= 2y2z

giving us the product. J

Example 8.2.2. Compute and simplify
7x2 − 28

x
· 2x2 + 3x

7x+ 14
.

Solution: Here we use the multiplication property, factor, then cancel. Students
should leave the answer in factored form.

7x2 − 28

x
· 2x2 + 3x

7x+ 14
=

(7x2 − 28)(2x2 + 3x)

x(7x+ 14)

=
7x(x2 − 4)(2x2 + 3)

7x(x+ 2)

=
7x(x+ 2)(x− 2)(2x2 + 3)

7x(x+ 2)

= (x− 2)(2x2 + 3)

concluding our problem. J

Next, we turn our attention to division. Again like multiplication, division follows the
same rules as standard fraction arithmetic.

Property 8.2.2: (Division of Rational Expressions)
Let P , Q, R, and S be polynomials, then

P

Q
÷ R

S
=
PS

QR

where R, Q, and S are not zero. /

The process is the same as multiplication other than this slightly different property.

Example 8.2.3. Compute and simplify
a2b

c3
÷ a3b2

c2
.
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Solution: Here we use the division property and cancel. Factorization is not necessary.

a2b

c3
÷ a3b2

c2
=

a2bc2

a3b2c3

=
1

abc

concluding our problem. J

Example 8.2.4. Compute and simplify
6x2 + 11x+ 4

x+ 3
÷ 3x2 − 5x− 12

x2 − 9
.

Solution: In this problem factorization will be necessary. Students should verify the
factors. Further, we show that we can factor before operating.

6x2 + 11x+ 4

x+ 3
÷ 3x2 − 5x− 12

x2 − 9
=

(2x+ 1)(3x+ 4)

x+ 3
÷ (3x+ 4)(x− 3)

(x+ 3)(x− 3)

=
(2x+ 1)(3x+ 4)(x+ 3)(x− 3)

(x+ 3)(3x+ 4)(x− 3)

= 2x+ 1

concluding our problem. J

Finally, we take a look at an additional property for complex fractions.

Property 8.2.3: (Complex Fractions)
Let P , Q, R, and S be polynomials, then

P
Q

R
S

=
PS

QR

where R, Q, and S are not zero. /

This property indicates that a complex fraction is just another form of division. We
work one example as it is the same process as the previous two examples.

Example 8.2.5. Compute and simplify
x+2
x+1

x2−4
x2−2x−3

.

Solution: Here we return to using the property first, factoring, and finally cancellation.

x+2
x+1

x2−4
x2−2x−3

=
(x+ 1)(x2 − 2x− 3)

(x− 2)(x2 − 4)

=
(x+ 2)(x− 3)(x+ 1)

(x+ 1)(x+ 2)(x− 2)

=
x− 3

x− 2

concluding our problem. J

This brings us to then end of the section.
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8.3 Addition and Subtraction of Rational Expressions

In this section we take a look at the remaining arithmetic operations on rational expres-
sions, addition and subtraction. As you may recall with standard fractions, addition
and subtraction is more complex than multiplication and division, because we require a
common denominator. Hence, if we have a common denominator the problem is simple.

Property 8.3.1: (Special Cases of Addition and Subtraction of Rational Expressions)

Let P , Q, and R be polynomials, then

P

R
± Q

R
=
P ±Q
R

where R is not zero. /
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